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The recognized challenges of a driven evolution of a magnetic field are addressed in its three
aspects: field line topology, magnetic energy, and magnetic helicity. Magnetic field lines can go
from a simple smooth form to having large and broadly-spread changes in their connections on
a timescale that is approximately a factor of ten longer than the ideal evolution time when and
only when the magnetic field lines become chaotic. Footpoint motions transfer magnetic energy to
coronal loops, which can only be balanced by highly localized current densities j ⇡ vB/⌘, where v
is the footpoint velocity and ⌘ is the plasma resistivity. These current densities are consistent with
those required to produce the solar corona with the observed height of the transition region through
the Dreicer electron runaway e↵ect. A small resistivity cannot balance the magnetic helicity input
by footpoint motion and leads to the eruption of coronal loops.

I. INTRODUCTION

According to Wikipedia: Magnetic reconnection
is a physical process occurring in highly conducting
plasmas in which the magnetic topology is rearranged
and magnetic energy is converted to kinetic energy,
thermal energy, and particle acceleration.
By definition, a highly conducting plasma plasma

has a magnetic Reynolds number,

Rm ⌘ µ0va

⌘
, (1)

that is far larger than unity; v is a typical plasma
flow speed, a a typical spatial scale across the mag-
netic field, and ⌘/µ0 is the resistive di↵usion coef-
ficient. In problems of interest Rm can be between
104 and 1014.
Magnetic topology rearrangement and magnetic

energy conversion are distinct physical concepts, but
each concept has been used to define magnetic re-
connection. The classical definition was in a 1956
paper of Parker and Krook [1]: severing and recon-
nection of lines of force. In the space sciences, the
emphasis has focused on energy conversion. In 2020,
Hesse and Cassak stated [2]: Magnetic reconnection
converts, often explosively, stored magnetic energy
to particle energy in space and in the laboratory.
A practical understanding of magnetic field evo-

lution when the magnetic Reynolds number, Rm, is
large requires understanding the evolution of three
distinct concepts: (i) magnetic topology, (ii) mag-
netic energy, and (iii) magnetic helicity. The nature
of the evolution of these three concepts is frequently
discussed in terms of two physical mechanisms: (1)
the plasma flow velocity ~v and (2) the resistive di↵u-
sion of the magnetic field lines. Their relative mag-
nitude is measured by the magnetic Reynolds num-
ber. Although many other mechanisms can a↵ect

the evolution, an understanding of reconnection us-
ing ~v(~x, t) and ⌘/µ0 is extremely informative.
There are two basic paradigms for magnetic re-

connection. The classic paradigm is that of narrow
sheets of intense current. Schindler, Hesse, and Birn
[3] noted that

@ ~B

@t
= ~r⇥

�
~v ⇥ ~B � ⌘~j

�
(2)

implies that resistive breaking of the magnetic field
lines directly competes with an evolution velocity ~v
when the current density reaches an amplitude

jshb ⌘
vB

⌘
. (3)

This current density is Rm times larger than the
characteristic current density B/µ0a, which implies
the current must flow in a narrow sheet of cross-
sectional area a

2
/Rm. The length of the sheet is

of order a and the width is of order a/Rm. The
classic reconnection paradigm of Schindler et al was
developed for reconnection in which the magnetic
field has a non-trivial dependence on only two spatial
coordinates. The three dimensional case is the one
of practical interest, but most of the literature is
focused on two dimensions.
Magnetic field lines are chaotic when infinitesi-

mally separated lines increase their separation expo-
nentially with distance along the lines while remain-
ing in a bounded region perpendicular to the mag-
netic field. Chaos, which is sometimes called mag-
netic stochasticity, is only possible when the mag-
netic field depends non-trivially on all three spatial
coordinates.
A judgment of the importance of current sheets

and chaos in understanding reconnection and mag-
netic evolution requires a list questions that need
to be addressed. Such a list was provided in 2020
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by one hundred eight members of the world recon-
nection community [4], who enumerated nine major
challenges to understanding magnetic reconnection.
Their list is copied into Appendix A and numbered
by C1 to C9. Magnetic reconnection was defined
as the topological rearrangement of magnetic fields.
Energy conversion was a challenge, C3.
Here we explicitly show how chaos and other

physics concepts developed in this and earlier papers
address these challenges. The nine challenges can be
studied analytically or through simulations. Unfor-
tunately, numerical resolution becomes challenging
when Rm

>⇠ 104, which is far smaller than Reynolds
numbers of practical interest. Analytic understand-
ing tested by simulations is required.
The implications of a given simulation on the var-

ious challenges can be subtle. This is illustrated by
a model of a coronal loop driven by footpoint mo-
tions, Figure 1.a from Boozer and Elder [5]. This
model allows a rigorous monitoring of the topolog-
ical rearrangement of magnetic fields, and gives an
exact expression for the minimum exponentiation of
infinitesimally separated field lines in going from one
footpoint to the other.
The most complete numerical study of the impor-

tance of chaos and current sheets to reconnection
was described in a Featured article in the Physics of
Plasmas, the simulations of Huang and Bhattachar-
jee [6]. They used the model of Figure 1.a to study
two challenges: C5, Onset and C3, Energy conver-
sion. With Rm = 104, they found the breaking of
field line connections had reached 30% of the size of
the top surface when the exponentiation of field-line
separation approached 105. Following Boozer and
Elder, Huang and Bhattacharjee simplified the in-
terpretation of the simulations by chosing the foot-
point velocity ~vt so no helicity is injected and the
ideal, Rm = 1, evolution is stable to kinks.
The reason for large-scale connection breaking

when the exponentiation is larger than RM is in-
tuitively obvious. Figure 1.b shows the distortion of
tubes of magnetic field lines that Huang and Bhat-
tacharjee observed for an ideal evolution when he
exponentiation was much smaller than 105. As the
distortion of the tubes becomes ever greater, an ar-
bitrarily small resistive di↵usivity, ⌘/µ0, can inter-
mix the magnetic fields from di↵erent tubes, which
changes the field line connections.
As will be shown in Sections IVB and VA3, once

field-line breaking is large-scale in the model of Fig-
ure 1.a, the current density can quickly rise to a
value comparable to jshb at which resistivity can
balance the power input from the footpoint motion.
The Huang-Bhattacharjee simulations also showed
this. Nevertheless, they interpreted the current den-
sity required for power balance as defining the true

FIG. 1: (a) A perfectly conducting cylinder of height L
and radius a encloses an ideal pressureless plasma. All of
the sides of the cylinder are fixed except the top, which
flows with a specified velocity ~vt. Initially, ~B = B0ẑ.
Each point ~xb on the bottom of the cylinder defines a
line of ~B that in an ideal evolution intercepts a specific
point on the top ~xt with @~xt(~x0, t)/@t = ~vt(~xt, t) and
~x0 ⌘ ~xt at t = 0. The case of primary interest is when
~vt is divergence free and chaotic. This means the 2 ⇥ 2
Jacobian matrix @~xt/@~x0 has a large singular value that
increases exponentially in time and a small singular value
that is the inverse of the large singular value. This figure
was originally published in Reference [5]. (b) Huang and
Bhattacharjee [6] used an equivalent square-cylindrical
model to project images on the top boundary of square
tubes of magnetic field lines on the bottom boundary. As
the distortions become ever larger, an arbitrarily small
resistive di↵usion ⌘/µ0 can intermix field lines from dif-
ferent tubes and thereby change their connections. This
figure is part of Figure 5 of their paper.

reconnection. The onset of large scale topological
changes was interpreted as resistive di↵usion—not
reconnection.
Since the 1984 paper by Aref [7], it has been ap-

preciated that the e↵ect of stirring on mixing in flu-
ids can only be understood by considering chaos—
whether co↵ee and cream, a can of paint, a pot
of soup, or temperature in a room. Both mixing
in fluids and magnetic evolution are described by
equations of the advection-di↵usion type. Aref’s an-
alyzed the problem in Lagrangian coordinates, al-
though the full equation was not written in La-
grangian coordinates until fifteen years later by Tang
and Boozer [8]. The analysis applies to all equations
of the advection di↵usion type. Equation (2) for the
magnetic evolution can be written in this form

@ ~B

@t
� ~r⇥ (~v ⇥ ~B) =

⌘

µ0
r2 ~B (4)

by letting ~j = ~r⇥ ~B/µ0 and noting that ~r⇥ (~r⇥
~B) = �r2 ~B. The left side of Equation (4) gives the
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advection of ~B and the right side the di↵usion. Note
~r⇥ (~v ⇥ ~B) equals �~v · ~r ~B plus terms that ensure
~r · ~B remains zero. The magnetic Reynolds num-
ber is called the Péclet number in scalar advection-
di↵usion problems, such as temperature relaxation
@T/@t+ ~v ·rT = DTr2

T .
Trying to understand magnetic reconnection when

the magnetic Reynolds number is large while ignor-
ing chaos is in defiance of mathematics and intuition.
It is as hopeless as ignoring chaos while trying to un-
derstand mixing in fluids at large Péclet numbers.
Nevertheless, the e↵ect chaos on magnetic evolution
is subtle because chaos has a direct e↵ect only on
topological evolution and not on energy or on helic-
ity dissipation.
The logarithm of the magnetic Reynolds number,

lnRm, is of order of magnitude ten even when it is
extremely large. This leads to a one-sentence state-
ment of the importance of chaos to magnetic recon-
nection.

Magnetic field lines can go from
a simple smooth form to having
large and broadly-spread changes
in their connections on a timescale
that is approximately a factor of
ten longer than the ideal evolution
time when and only when the mag-
netic field lines become chaotic.

This sentence about chaos could be shown to not
be generally valid in two ways: (1) Find an evolving
highly chaotic magnetic field that nonetheless pre-
serves well-defined magnetic field line connections.
(2) Find an evolving non-chaotic magnetic field that
nonetheless goes from being simple and smooth to
large scale connection breaking on a timescale only
an order of magnitude longer than the ideal evolu-
tion time, even when Rm is many orders of magni-
tude larger than unity.
This statement about the importance of chaos can

never be proven to be correct. Karl Popper, one the
twentieth century’s most influential philosophers of
science, famously stated [9] that no scientific state-
ment can be proven to be correct but that it must
in principle be testable. The most reliable scientific
statements have been tested and never proven false.
The sentence about chaos has direct implications

for five of the nine challenges in the list copied in
Appendix A: C1, The multiscale problem; C2, The
3D problem; C5, Onset ; C7, Flow-driven; and C9,
Related explosive phenomena.
Section II, History of chaos and reconnection is

a brief historical review of the realization of the im-
portance of chaos to topological changes in magnetic
field lines. The role of chaos in the evolution of mag-

netic fields is, however, subtle since its direct e↵ect
is limited to the breaking of field line connections.
Section III discusses two highly cited papers that

should have fundamentally changed reconnection
theory almost forty years ago. Nevertheless, they
are rarely if ever referenced by the 108 authors [4]
that listed the nine challenges: (1) A 1981 paper by
Boozer [10] gave a general mathematical representa-
tion of the electric field, which separates connection-
breaking from non-breaking terms. This paper is
highly cited because it also demonstrated the exis-
tence of a coordinate system, now known as Boozer
coordinates, which were the basis for solving what
was thought to be a fatal flaw of stellarators, bad
particle-trajectory confinement. (2) The 1984 pa-
per by Aref that explained how stirring exponen-
tially enhances mixing using to chaos, which applies
to all evolution equations that are of the advection-
di↵usion form.
Section IV considers the evolution equations for

magnetic topology, energy, and helicity. This sec-
tion explains why chaos can exponentially shorten
the time required for topological evolution but has
no direct e↵ect on energy or helicity evolution other
than their spreading across a chaotic region. Sheets
of concentrated current, which can rapidly dissipate
the magnetic energy, are shown to be necessary to
balance the energy input into coronal loops by foot-
point motion, but have no e↵ect on helicity evolu-
tion other than spreading. When footpoint motion
inputs magnetic helicity, eruption of the loop is the
only way it can be limited.
Section V is on the rate with which the current

density can increase. In three dimensions, but not
two, magnetic field lines can become chaotic with-
out increasing the magnetic energy. The current
density is increased by the exponential separation
of the magnetic field lines, but need increase only
algebraically, which means it is bounded by a con-
stant times time t to a power. The breaking of field
line connection does not always release a large frac-
tion of the stored magnetic energy into Alfvén waves.
When it does, it is shown how the current density
can rapidly rise in thin sheets to cause a rapid dis-
sipation of the Alfvén wave energy.
Section VI discusses the formation of the solar

corona by the Dreicer runaway mechanism due to
the current density required for coronal power bal-
ance.
Section VII, Discussion, gives an overview of re-

connection in toroidal and in space and astrophysical
plasmas as well as the importance and di�culty of
changing reconnection paradigms.
Appendix A gives the list of nine reconnection

challenges written [4] by a hundred eight members
of the word reconnection community.
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Appendix B discusses the expression of Huang and
Bhattacharjee [6] for the increase in the current den-
sity that is analogous to the expression given in Sec-
tion VA.

II. HISTORY OF CHAOS AND
RECONNECTION

In three dimensions, the evolution of the veloc-
ity perpendicular to the magnetic field, the ~v? part
of ~v of Equation (2), typically causes the e-folding
distance of magnetic field lines to become shorter
as time increases. The natural scaling of the time
required for large-scale breaking of field line connec-
tions to occur is then (a/v?) ln(Rm) as Rm ! 1.
This phenomenon is discussed in a number of papers
by Boozer, most recently [11–13], and by Boozer and
Elder [5].
Many other authors have also recognized the fun-

damental importance of chaos In 2005, Borgogno,
Grasso, Porcelli, Califano, Pegoraro, and Farina
showed that the interaction of tearing modes with
di↵erent helicities in toroidal plasmas creates mag-
netic field chaos and fundamentally changes the def-
inition of magnetic reconnection from the case in
which the magnetic field depends on only two spa-
tial coordinates [14]. In 1999, Lazarian and Vishniac
[15] and in 2011, Eynick, Lazarian, and Vishniac [16]
disussed the role of chaos the theory of turbulent
magnetic reconnection. This topic was reviewed by
Lazarian, Eyink, Jafari, Kowal, Li, Xu, and Vishniac
[17] in 2020. Turbulent systems are always chaotic,
but chaotic systems need not be turbulent. As ex-
plained in the Introduction to [11], turbulence slows
the e↵ects of chaos as compared to smooth flows
with the same speed. Eric Priest is associated with
a large body of work on three-dimensional struc-
tures that tend to concentrate currents and thereby
lead to enhanced reconnection [18]. In particular,
he is known for his work on quasi-separatrix layers,
which are essentially regions of field line chaos. Reid,
Parnell, Hood, and Browning [19], have simulated a
case in which the footpoint motions of magnetic field
lines do not directly make the lines chaotic but drive
large-scale instabilities that do. Huang and Bhat-
tacharjee [6] recognize that magnetic fields that de-
pend on all three spatial coordinates are generically
chaotic and that the chaos makes the maintenance
of field line connections fragile.
Evolving boundary conditions, such as footpoint

motion of coronal magnetic field lines, can inject en-
ergy into the magnetic field. The breaking of field
lines connections can release this energy from the
large scale magnetic field but does not dissipate it.
The obvious repository is Alfvén waves, which as will

be shown can increase the maximum current density
to the approximate value of Schindler et al, jshb re-
quired for resistive dissipation. A far smaller value
of the current density is associated with large scale
breaking of magnetic field-line connections, a density
that depends logarithmically, not linearly, on Rm.
The motions of the footpoints can also inject mag-

netic helicity. As discussed in Boozer and Elder
[5], the injected helicity dissipation is neither en-
hanced by chaos nor by intense currents flowing in
thin sheets. When Rm ! 1, the only way the in-
jected helicity can be removed is by the ejection of
coronal loops.
In toroidal plasmas, perturbations can distort the

magnetic surfaces and cause rapid large-scale recon-
nections called disruptions. But, these perturba-
tions neither inject magnetic helicity nor significant
energy. As discussed by Boozer in 2022, the mag-
netic surfaces can become so contorted [20] that the
separation between neighboring magnetic surfaces
can vary by an exponentially large amount and cause
the breaking of surfaces even as Rm ! 1. This pa-
per motivated a 2022 simulation by Jardin et al [21]
that showed the limitation on the electron temper-
ature in a spherical tokamak could be explained by
ideal MHD instabilities su�ciently contorting mag-
netic surfaces to cause breaking despite the small-
ness of the resistivity. These results address chal-
lenge C4, Boundary conditions, in the list copied in
Appendix A.

III. IMPORTANT BUT OLD PAPERS

Two papers published approximately forty years
ago should have fundamentally changed the theory
of reconnection: (1) A general representation of ~E
given by Boozer [10] in 1981, which implies Fara-
day’s law for the evolution of the magnetic field
lines is of the advection di↵usion type. (2) Has-
san Aref’s paper [7] in 1984 that showed that equa-
tions of the advection-di↵usion mathematical type
generically have the di↵usive e↵ects exponentially
enhanced by the chaotic properties of the advection,
Section III B.

A. General representation of ~E

The theory of reconnection is greatly simplified
when a distinction is made between the velocity ~u?
of the natural frame of reference of the magnetic
field and the velocity ~v of the plasma. When the
magnetic evolution is ideal, ~u? is the velocity of the
field lines, which cannot change their topology. The
most profound implication of the introduction of the
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velocity ~u? is that Faraday’s law is then shown to be
of the advection-di↵usion type for the evolution of
the magnetic field lines, Equation (7). In the In-
troduction, Equation (2) was shown to be of the
advection-di↵usion type, Equation (4), but that was
for the fluid velocity ~v while Equation (7) is for the
velocity ~u? of the magnetic frame of reference.
The velocity ~u? of the natural frame of reference

of the magnetic field is defined by a general rep-
resentation of the three vector components of the
electric field ~E. The components can be represented
in terms of a velocity ~u? perpendicular to the field,
a single-valued scalar potential �, and E , which is
constant along a field line [10, 20],

~E + ~u? ⇥ ~B = �~r�+ E ~r`. (5)

E ~r`, where ` is the distance along a field line, is
replaced in a torus by (V`/2⇡)~r'. The field-line
constant V` is the loop voltage and ' is the toroidal
angle.
Equation (5) is mathematical statement. Its valid-

ity requires only that the three components of ~E can
be represented by �, E , and ~u?. Where ~B is non-
zero, this can be simply demonstrated. The ~B · ~E
component gives an equation for ~B · ~r� = B@�/@`,
which can always be solved locally for �. This solu-
tion may not be globally valid for a single-valued �
in a torus or due to boundary conditions at the two
ends of a field line. The field line constant E or V`

resolves this issue.
The demonstration of the validity of Equation (5)

is more subtle at places where ~B = 0. An an-
alytic function ~B(~x) cannot be zero throughout a
non-vanishing volume and not be zero everywhere—
a Taylor series calculated in the non-vanishing vol-
ume is zero. ~B(~x) can be zero along a line, but
an arbitrarily small perturbation can change a line
null into well-separated point nulls—only point nulls
are generic. An infinitesimal sphere can be placed
around each point null, then ~B(~x) 6= 0 in the volume
outside these spheres, which allows Equation (5) to
be derived within that volume. Each infinitesimal
sphere provides a boundary condition

H
~j · d~a to en-

sure charge does not accumulate at the null. This
boundary condition determines � at the location of
the null [22]. The important problem of magnetic
reconnection in fields with point nulls produced by
compact sources of magnetic fields was treated in
2019 by Elder and Boozer [23]. The issue of mag-
netic nulls and reconnection is not explicitly listed as
a challenge in Appendix A, but C9, The 3D problem,
mentioned interacting flux ropes, which are some-
times thought to be tubes with a strong magnetic
field inside and essentially none outside. This is a

di�cult state to realize when the inner/outer field
ratio is large and force balance is taken into account.
In 1958, Newcomb proved [24] that when E = 0

the magnetic field lines move with the velocity ~u?
and their topology is conserved. When E 6= 0, the
magnetic field lines change topology by interchang-
ing identities, so a field-line velocity cannot be de-
fined. Nonetheless, ~u?(~x, t) defines a useful mag-
netic frame of reference.
Equation (5) is fundamentally di↵erent from an

Ohm’s law such as

~E + ~v ⇥ ~B = ⌘~j �
~rpe

en
; (6)

the term ~rpe/en is called the Hall term. Ohm’s
law is a statement of physics, a constitutive relation,
that gives one physical quantity, ~E(~x, t) in terms of
others, such as the mass flow velocity ~v(~x, t), and the
current density ~j(~x, t) of a plasma. Terms in Ohm’s
law, such as ⌘~j?, the Hall term, and the friction from
neutrals, cause the plasma velocity ~v to di↵er from
~u? but clearly have no direct e↵ect on changes in
the topology of the magnetic field lines—only e↵ects
that produce a non-zero E can.
A number of the challenges enumerated in Ap-

pendix A are addressed or their interpretation
changed by Equation (5): C4, Boundary conditions,
C6, Partial ionization, and C9, Related explosive
phenomena. C1, The multiple scale problem, has dif-
ferent interpretations when the magnetic velocity ~u?
is distinguished from the plasma velocity ~v.
The most profound implication of Equation (5)

is that when it is inserted into Faraday’s Law the
equation for the evolution of magnetic field lines

@ ~B

@t
= ~r⇥

�
~u? ⇥ ~B � E ~r`

�
(7)

is of the advection-di↵usion type. E is a field line
average of ⌘~j = (⌘/µ0)~r ⇥ ~B; just as in Equation
(4) this leads to a di↵usive term (⌘/µ0)r2 ~B, which
intermixes magnetic field lines interchanging their
connections.

B. Chaos and mixing

The chaos in flows has underlain the theory of
fluid mixing since the famous 1984 paper of Has-
san Aref [7]. The ubiquity of chaos is tested when-
ever one stirs co↵ee and cream, a can of paint, or
a pot of soup. Chaos shorten the time for a radia-
tor to heat a room from weeks to tens of minutes.
For these examples, it is critical that the flow be
driven throughout the region to be mixed. Other-
wise, chaos is so ubiquitous that no special training
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in the use of a stirrer is required—even slow stir-
ring works as long as a flow is produced throughout
the region to be mixed. Aref’s paper on chaos and
mixing is important whenever the underlying math-
ematical equation is of the advection-di↵usion type
and the di↵usive term is small compared to the ad-
vective. Faraday’s law is of this type.

1. The ubiquity of chaotic flows

The streamlines of a flow, ~x(~x0, t), are defined by
d~x/dt = ~v(~x, t) with ~x0 ⌘ ~x(~x0, 0). A plasma flow is
chaotic when neighboring streamlines separate expo-
nentially in time even while remaining in a bounded
region of space.
A remarkable, but fundamentally a mathemati-

cal, statement is that essentially all non-trivial flows
~v(~x, t) that depend on at least two spatial coordi-
nates and time are chaotic. This is most easily seen
for divergence-free flows in two dimensions. For such
flows ~v = ẑ ⇥ ~rh(x, y, t) and the streamlines are
given by Hamilton’s equations, dx/dt = �@h/@y
and dy/dt = @h/@x. When @h/@t = 0, h(x, y) must
be constant along trajectories, and a trajectory fol-
lowed in time cannot come arbitrarily close to every
(x, y) point in a bounded region of space. When
@h/@t 6= 0, the Hamiltonian h(x, y, t) changes along
trajectories, which allows particle to come arbitrar-
ily close. This is a signature of chaos.
A general theorem is that h(x, y, t) is not chaotic

when it is independent of any of the three vari-
ables (x, y, t). Although there are no useful theo-
rems about when the trajectories are chaotic, it is
di�cult to find non-trivial examples of h(x, y, t) that
are not—even when the dependence on the variables
is smooth and on the spatial scale of the x�y region
in which the trajectories are bounded. Examples of
simple, smooth, but chaotic flows are given in [5, 6]
and in many other references. Although turbulent
flows are chaotic, chaotic flows certainly need not be
chaotic.
The standard example of a non-trivial h(x, y, t)

that is not chaotic is a twisting motion, but this
tends to cause ideal kinking in plasmas, which leads
to chaotic magnetic fields [5, 19].

2. Chaos in ~u? and ~B when E = 0

Even when E = 0, a field-line flow ~u? can take a
magnetic field ~B with simple field line trajectories
into one with chaotic field lines on the time scale of
the flow.
Magnetic field lines are chaotic when neighboring

pairs of lines separate exponentially when followed

in distance along the lines. Flows are chaotic, when
neighboring pairs of streamlines separate exponen-
tially when followed in time.
The relationship between chaos in streamlines of

~u? in time, and chaos in the lines of ~B in space, is
clarified by the example given in Figure 1.a. The
flow of the perfectly conducting top surface of the
cylinder ~vt is chaotic, but the perfectly conducting
bottom surface is stationary. When a perfectly con-
ducting plasma is enclosed by the perfectly conduct-
ing cylinder, tubes defined by magnetic field lines
that enter the plasma at the bottom become increas-
ingly distorted at the top as time advances, Figure
1.b. Neighboring magnetic field lines at the bottom
have a separation at the top, which exponentially
increases in time.
When boundary conditions on the magnetic field

lines are given at the top and the bottom of the
cylinder and E = 0, a minimum level of exponen-
tiation in separation is defined independent of the
relationship between the plasma velocity ~v and the
field line velocity ~u?. This has important implica-
tions for challenges C1, The multiple scale problem,
C2, The 3D problem, C4, Boundary conditions, and
C5, Onset, of Appendix A.
Three important points:

1. A magnetic field must develop a dependence
on all three spatial coordinates for a field line
flow ~u? to cause the field lines to come arbi-
trary close to every point in a bounded region
of space and be chaotic.

The field line flow ~u? must be two dimensional
and time dependent to be chaotic. For the flow
to make the field lines chaotic requires ~B lie in
the direction of a third coordinate.

This addresses challenge C2, The 3D problem
in Appendix A.

2. An ideal evolution can cause perfect magnetic
surfaces to become so contorted that a surface
approaches arbitrarily closely every point in a
non-zero volume of space [20].

This addresses challenge C9, Boundary condi-
tions in Appendix A and has important impli-
cations for ideal pressure-driven modes causing
the breakup of magnetic surfaces in tokamaks
[21] and other toroidal devices.

3. When lnRm >> 1, an important limitation
[22] exists on the ratio of the length L to width
the width a of coronal loops for the magnetic
field lines to be su�ciently chaotic for the ex-
ponentiation to exceed the magnetic Reynolds
number:

L

a

>⇠ lnRm. (8)
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Geometric constraints on rapidly reconnection re-
gions are clearly of importance even though they are
not mentioned in the nine fusion challenges. Simu-
lations could study the way the constraint of Equa-
tion (8) manifests itself in the model of Figure 1.a
when the height L to radius a ratio of the cylinder
is small compared to lnRm. Do di↵erent chaotic re-
gions define separate tubes that undergo reconnec-
tion of di↵erent time scales? Boozer and Elder [5]
found the probability distributions for di↵erent lev-
els of exponentiation, which means the fraction of
the area of the top in which di↵erent levels of expo-
nentiation arose; the median exponentiation is given
by the square root of the maximum. It is not known
whether this has a mathematical explanation.

The derivation of Equation (8) starts with the

equation for the separation ~� between infinitesimally
separated magnetic field lines B@~�/@` = (~� · ~r) ~B.
When the tensor (~r ~B)/B is much larger than the
scale a, then its magnitude is of order K ⌘ µ0j||/B.

Let d�/d` = |@~�/@`|/|~�|, then the number of e-folds
of separation from a given field line � ⇡

R
Kd` ⇡

KL. The change in the magnetic field by the parallel
current must be less than the total field, which im-
plies K�? < 1, where �? is the width of the current
channel. Consequently, the length of the lines must
satisfy L > ��?. For chaos to cause a su�ciently
rapid changes in field line connections to compete
with the evolution, �? must be less than ae

�
/Rm.

The current channel width, �?, must be less that the
cross-field scale a, which implies � > lnRm. The in-
equality L/a >⇠ lnRm follows.

Plasma resistivity causes magnetic fields to dif-
fuse in space with a di↵usion coe�cient ⌘/µ0. The
distinction between field lines in a distorted tube of
Figure 1.b and those in surrounding tubes cannot be
made when the magnetic field can di↵use a distance
comparable to the shortest distance across the tube.
It is intuitively obvious that the preservation of mag-
netic field line connections, which is required in an
ideal evolution, is lost once ⌘/µ0 di↵usion becomes
this strong. This is analogous to the exponential en-
hancement of the mixing of fluids in chaotic flows fa-
mously pointed out in 1984 by Aref [7]. The precise
relationship between fluid mixing and the breaking
of field-line connections can be derived analytically
[11]. The implication for the preservation of mag-
netic field line connections can be summarized in
the boldface single sentence on page 3.

IV. EVOLUTION OF MAGNETIC
TOPOLOGY, ENERGY, AND HELICITY

A. Conservation of magnetic field line topology

Both the conservation and the evolution of mag-
netic topology is rigorously defined by the magnetic
field line Hamiltonian and its canonical coordinates.
Applying a method, which is well known in toroidal
plasmas [25], to the model of Figure 1.a, the mag-
netic field is written using ( , ✓, z) as coordinates,
which map ~x( , ✓, z, t) to ordinary Cartesian coor-
dinates as

~x = x( , ✓, z, t)x̂+ y( , ✓, z, t)x̂+ zẑ; (9)

~B =
~r ⇥ ~r✓

2⇡
+

ẑ ⇥ ~r p

L
. (10)

where  is the longitudinal magnetic flux and
 p(( , ✓, z, t) is the poloidal flux and the field line
Hamiltonian,

d 

@z
= � 1

L

@ p

@✓
and

d✓

@z
=

1

L

@ p

@ 
. (11)

The poloidal flux can be assumed to initially be zero,
but it evolves according to the equation, appendix
to [25],

~E + ~u⇥ ~B =
@ p( , ✓, z, t)

@t

ẑ

L
� ~r�, where (12)

~u =
@~x( , ✓, z, t)

@t
with (13)

~E + ~u⇥ ~B = �~r�+ E( , ✓, t)ẑ, so (14)

@ p

@t
= LE . (15)

Hamilton’s equations for the magnetic field
lines, Equation (11), change when and only when
 p( , ✓, z, t) changes. Consequently, the evolution
of  p gives the topological evolution.
The equation ~x( , ✓, z, t) maps the canonical co-

ordinates of the magnetic field line Hamiltonian into
Cartesian coordinates. When @ p/@t = 0, the ve-
locity ~u ⌘ @~x/@t gives the velocity of the magnetic
field lines through space.
The conservation of magnetic field topology is di-

rectly connected to the list of challenges in Appendix
A since reconnection is defined as the topological re-
arrangement of magnetic fields.

B. Energy evolution

Energy evolution is essentially challenge C3, En-
ergy conversion in Appendix A.
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1. General equations for power

Power is removed from the magnetic field at the
rate ~j · ~E. When ~E is given by the Ohm’s law of
Equation (6), then ignoring the Hall term

~j · ~E = ~v · (~j ⇥ ~B) + ⌘j
2
. (16)

The term ~v · (~j ⇥ ~B) gives the transfer of energy
to plasma, which is not in itself dissipative but can
be dissipated by viscosity, Equation (31). The term
⌘j

2 is the direct Ohmic dissipation of the magnetic
energy.
The breaking of magnetic field line connections

removes a constraint on magnetic evolution, but its
connection with the transfer of energy from the mag-
netic field to the plasma is complicated. When the
magnetic field evolution is ideal, the power transfer
to the plasma is

R
~v · (~j⇥ ~B)d3x. The ~j⇥ ~B Lorentz

force integrated over a thin current layer need not
be large. A delta-function current density is equiv-
alent to a current potential , which produces only
a finite force on the current carriers [26]. A large
power transfer occurs only when the flow velocity ~v
is also concentrated in the thin layer.
When power is continuously put into the plasma,

there are two ways it can be dissipated: by resis-
tively

R
⌘j

2
d
3
x and by viscosity

R
⇢⌫(~r ⇥ ~v)2d3x.

An important but unsettled question is what frac-
tion of the power is dissipated by viscosity versus
resistivity in the limit as the magnetic Reynolds
number Rm ! 1. When the viscosity is extremely
large, it would appear di�cult to for the flow ve-
locity to lie in thin layers, which seems necessary to
form the thin layers of intense j that are necessary
for a large resistive dissipation. Is this true only
when the fluid Reynolds number Rf = av/⌫ is less
than unity? Or, can it be true when the Prandtl
number Pr = Rm/Rf = µ0⌫/⌘ becomes su�ciently
large even with Rf >> 1? Practical simulations
can certainly determine the nature of reconnection
for Rf arbitrarily small, but practical limitations on
the highest Rm that can be simulated may prevent
studies of the case with a very large Prandtl number
but with Rf > 1. The role of viscosity in turbulent
reconnection is addressed analytically in Jafari et al
[27]. Resolution issues also limit simulation tests of
viscosity e↵ects in turbulent reconnection..

2. Power and coronal loops

Using the model of Figure 1, the power input of
the footpoint motion is the power required to main-
tain the divergence-free flow in the top surface

~vt = ẑ ⇥ ~rh. (17)

That power is the integral over the volume of the
top surface,

Pf = �
Z
~vt · (~j ⇥ ~B)d3x (18)

=

Z
Bz
~j · ~rhd

3
x = B0

I
h~j · d~a (19)

= �B0

µ0

Z
h(~r⇥ ~B) · ẑdat

= �B0

µ0

Z
~r⇥ (hẑ) · ~Bdat

=
B0

µ0

Z
~vt · ~Btdat, (20)

since ~vt · ~B = ~vt · ~Bt with ~Bt the tangental magnetic
field to the top surface.
The important equations for the power input are

Equation (19), which gives the power using the
stream function h and the plasma current intercept-
ing the top surface in Figure 1, and Equation (20),
which gives the power using the velocity ~vt of the
top surface and the magnetic field tangent to that
surface on the plasma side.
For resistive dissipation to balance the power in-

put requires
R
⌘j

2
sd

3
x balance the power input Pf of

Equation (19), where js is the current density in a
current sheet. Since h ⇡ vta,

Pf ⇡ BvtajsAs ⇡ ⌘j
2
sAsL so (21)

js ⇡ a

L

Bvt

⌘
=

a

L
jshb (22)

where As is the cross sectional area of the sheet
current and L is the height of the cylinder. The
current jshb is defined in Equation (3). The fac-
tor (a/L)B ⇡ �B the change in the magnetic field
required to track the moving interception point of
a field line with the top surface when evolution is
ideal, E = 0. Although a current density as large
as jshb, which was defined by Schindler, Hesse, and
Birn, is not required for chaos to allow large-scale re-
connection, it is required for the resistive dissipation
of the power input from footpoint motion.

C. Helicity evolution

The robustness of magnetic helicity conservation
has been known since the 1984 work of Berger [28].
The essential point is that the resistive change in
the helicity is given by

R
⌘~j · ~Bd

3
x, but resistive

dissipation of energy is given by
R
⌘j

2
d
3
x. Con-

centrating the current in a thin channel enhances
the energy dissipation but not the rate of helicity
change. As discussed by Boozer and Elder when the
timescale for helicity injection is shorter than the
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resistive timescale defined by the spatially averaged
parallel current, flux-tube eruption must eventually
occur [5].

The role of helicity conservation in the space sci-
ences is most prominent in the theory of dynamos,
which is closely related to the theory of reconnec-
tion as noted in [4], Appendix A. The conservation
properties of the helicity have been known since 1986
to invalidate the ↵-e↵ect dynamo [29]. A more de-
tailed proof was given in 1995 by Bhattacharjee and
Yuan [30]. Nevertheless, the ↵-e↵ect dynamo is com-
monly studied in dynamo simulations [31] by having
a model that destroys helicity at small scales even
though this is not energetically possible. A discus-
sion of helicity conservation in dynamos in the pres-
ence of turbulence was given in 2011 by Vishniac
and Cho [32].

The equation for magnetic helicity evolution was
derived in Section VI of Reference [5] and is only
summarized here. Letting g(~x, t) be the gauge of
the vector potential,

K ⌘
Z

~A · ~Bd
3
x (23)

=

I
g ~B · d~a�

2
R
 pd d✓dz

2⇡L
(24)

dK
dt

= K̇B � 2

Z
E d d✓dz

2⇡
, where (25)

K̇B = �2B2
0

Z
hdat so (26)

dK
dt

= �2B2
0

Z
hdat � 2

Z
E ẑ · ~Bd

3
x (27)

since the Jacobian of ( , ✓, z) coordinates is J =
1/ẑ · (~r ⇥ ~r✓) = 1/(2⇡ẑ · ~B).

There are two important points. (1) Helicity is
dissipated by the volume integral of EBz, so neither
magnetic field line chaos nor the current density be-
ing concentrated into thin ribbons enhances its dissi-
pation. (2) Helicity input occurs when

R
hdat 6= 0 in

a single chaotic region. Using (rc, ✓c, z) cylindrical
coordinates,

R
hdat =

R
hrcdrcd✓c. The implication

is that only the ✓c average of the stream function h

contributes, which gives a purely circular flow pat-
tern, v̄✓c(rc, t)✓̂c. A circular flow can drive ideal kink
instabilities, Section IV of Reference [5], and cause
the eruption of coronal loops. There is no alterna-
tive to an eruption when helicity is systematically
accumulating in a loop.

Helicity evolution is central to the challenges C2,
The 3D problem, and C9, Related explosive phenom-
ena given in Appendix A.

V. EVOLUTION OF THE CURRENT
DENSITY

The increase in the current density along an arbi-
trarily chosen magnetic field line and the increase in
the current density in a given flow are the two ways
to estimate the rate the plasma current increases.
Surprisingly, the formation of current sheets and

current densities comparable to jshb of Equation (3)
is not mentioned in the list of challenges in Appendix
A. Nevertheless, it enters many discussions about
reconnection.

A. Current density along an arbitrary line of
~B

1. The near-line expansion

A Taylor expansion near an arbitrarily chosen
magnetic field line ~x0(`, t), called the central line,
gives the relation between the change in the twist of
line with the distance along the line ` and the time
derivative of the current density j|| along the line
[12].
The derivation uses the position vector

~x(⇢,↵, `) = ⇢ cos↵̂0 + ⇢ sin↵⌧̂0 + ~x0(`, t), where
⇢ is the distance from the central line; ̂0 and
⌧̂0 are the curvature and torsion unit vectors
of the cental line ~x0(`, t). The trajectories of
the adjacent lines are given by a H̃ =  ̃h(↵, s),
where h = k!(s, t) + kq(s, t) cos

�
2↵ � 'q(s, t)

�

with k! ⌘ K0/2 + ⌧0. The magnitude of the
quadrupole component of the magnetic field is given
by kq ̃, the only ⇢2 order Fourier component in the
Hamiltonian. The magnetic flux is  ̃ ⌘ ⇡B0⇢

2.
When the ideal evolution term, ~v ⇥ ~B, is large

compared to the resistive term, the evolution of the
parallel current j|| along an arbitrarily chosen mag-
netic field line ~x0(`, t) is given by [12, 13]

@⌦B0

@`
=
@

⇣
K0 + 2⌧0 +

4k2
q

@'q/@s

⌘
B0

@t
. (28)

K0(`, t) ⌘ µ0j||/B0, ⌦(`, t) = b̂0 ·~r⇥~v, and ⌧0(`, t) is
the torsion of the curve. The quantity k

2
q/(@'q/@`)

is defined by the quadrupole contribution to the
Hamiltonian for the adjacent magnetic field lines and
should only be retained when the adjacent field lines
are not chaotic.
A more intuitive and more easily interpreted form

of Equation (28) is

@⌦B0

@`
=
@ (K0 + 2⌫)B0

@t
, (29)
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where ⌫(`, t) is the stellarator-like rotational trans-
form per unit length of field lines produced by cur-
rents at a distance from the chosen line. The term
on the right-hand side of Equation (29) comes from
the fact that when the externally-produced rota-
tional transform ⌫ per unit length has a positive
time derivative, then K0 must decrease to keep the
total transform per unit length fixed. The fac-
tor of two comes from dependence of the current-
produced transform at a radius ⇢0 being propor-
tional to (

R
K⇢d⇢)/⇢20 = K0/2 as ⇢0 ! 0. The left-

hand side comes from the fact that when the field
lines are undergoing a twist per unit time, which is
what ⌦ is, then a current must increase to produce a
total rotational transform per unit length that gives
@⌦/@`.
The term ⌫ in Equation (29) represents the e↵ects

of distant currents. In principle, distant currents
can produce chaos in a bounded region by them-
selves. For example, the magnetic surfaces in a curl-
free stellarator can be perturbed to produce chaotic
regions using additional curl-free fields that resonate
with the rational surfaces. But, the term ⌫ also rep-
resents the natural response of a perfectly conduct-
ing medium to a changing current. By Le Chate-
lier’s principle that nature tends to resist change,
one would expect a larger K0 would be required to
produce a given field line twist due to the presence
of distant currents. Indeed, this is what was seen in
the simulations of Huang and Bhattacharjee [6].

2. Force-balance and plasma flow

Once magnetic field lines have become chaotic, so
connections are easily broken, the power input goes
into plasma motion until it can be dissipated by re-
sistivity or viscosity.
The divergence-free nature of the current~j implies

K and the Lorentz force ~fL ⌘ ~j ⇥ ~B are related by

@K

@`
= b̂ · ~r⇥ µ0

~fL

B2
, where (30)

~fL = ⇢

✓
@~v

@t
+ ~v · ~r~v � ⌫ ~r⇥ ~⌦

◆
. (31)

When the linear inertial term dominates
V

2
A@K/@` = @⌦/@t and K relaxes to being

uniform along magnetic field lines at the Alfvén
speed, VA.
In principle, the distinction between the velocity

of the plasma ~v and that associated with the mag-
netic field ~u could complicate the force-balance equa-
tion, but this distinction not generally not consid-
ered important in a near-ideal plasma.

3. Increase in j due to Alfvén waves

The current density required for breaking mag-
netic connections scales as lnRm while the current
density required to balance the power input into
coronal loops by footpoint motion scales as Rm. The
power released by the breaking of field line connec-
tions must initially go into Alfvén waves when Rm is
large and viscosity e↵ects are small, as in the simula-
tions of Huang and Bhattacharjee [6]. Consequently,
the energy in Alvén waves increases until the current
density reaches the value js, Equation (22), at which
resistive dissipation can balance the power input Pf

of the footpoint motion. Alfvén energy is evenly di-
vided between magnetic and kinetic energy with the
velocity and magnetic field fluctuations related by
ṽ/VA = B̃/B with VA the Alfvén speed.
The increase in the current density to the level

the energy and Alfvén waves can be rapidly damped
in essentially the topic of Alfvén wave damping in
chaotic magnetic fields, which has been studied by
several authors [33–35].
The field-line localized formula for the current

density @K/@t = @⌦/@`, where K ⌘ µ0j/B0, pre-
dicts a rapid increase in the current density to the
level js, or equivalently Ks ⌘ µ0js/B0 ⇡ Rm/L,
required to balance the input power due to the con-
tribution of the Alfvén waves to the vorticity ⌦.
Once the velocity fluctuations ~̃v of the Alfvén

waves are large, it is natural to expect |@~v/@t| ⇡
|~v · ~r~v| ⇡ ṽ

2
/�tan where �tan is the scale of ~̃v vari-

ation along itself. This scale is much longer than
the distance scale �? for ~̃v changes across the flow.
This disparity in scales �tan >> �? is related to
the concentrated current lying in thin but broad rib-
bons along the magnetic field lines as seen by Boozer
and Elder and predicted in [11] and illustrated in
Figure 6 of Huang and Bhattacharjee’s paper [6].
Since Alfvén waves propagate with the Alfvén speed,
|@ṽ/@t| ⇡ (VA/�`)ṽ, with �` the spatial scale parallel
to B. Consequently, �` ⇡ (VA/ṽ)�tan.
The contribution of Alfvén waves to the vorticity

is ⌦A ⇡ ṽ/�?, so @⌦A/@` ⇡ ⌦A/�`. The fraction
of the cross sectional area occupied by the Alfvén
waves and the sheets of intense current density is
fA = �?�tan/a

2, so

@⌦A

@`
⇡
✓

ṽ

VA

◆2
VA

fAa
2

(32)

⇡
 
B̃

B

!2
VA

fAa
2
. (33)

The time required to set up the sheet current

Ks =
µ0

⌘

vta

L
=

Rm

L
is (34)
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⌧s =
Ks

@⌦A/@`
(35)

⇡
✓
B

B̃

◆2
fAa

2

VA

Rm

L
(36)

⇡
✓
aB

LB̃

◆2
L

VA
(37)

since fARm ⇡ 1.
The Introduction to [22] explains why the mag-

netic perturbation perpendicular to the initial mag-
netic field reaches an amplitude �B ⇡ (a/L) lnRm

when large scale reconnection commences. A large
fraction of the associated magnetic energy goes into
the Alfvén waves so time to build up the sheet cur-
rent can be very short ⌧s ⇡ (L/VA)/(lnRm)2 com-
pared to the time required to reach su�cient expo-
nentiation (a/vt) lnRm. The velocity of the foot-
points vt is small compared to the Alfvén speed VA

in problems of primary interest. Once large scale
breaking of field line connections had occurred, the
formation of sheet currents quickly followed in the
simulations of Huang and Bhattacharjee citeHuang-
Bhattacharjee.

B. Current increase in a given flow

When the magnetic field lines have a known ve-
locity, ~u?(~x, t), the Cauchy solution for the ideal
evolution of the magnetic field is

~B
�
~x(~x0, t)

�
=

J
$

L

JL
· ~B(~x0), (38)

where J
$

L is the Jacobian matrix of the Lagrangian

coordinates of ~u? and JL is the determinant of J
$

L.
The history of this solution was reviewed by Stern
[36] in 1966.
Equation (38) has profound implications about

the di↵erences in between two and three dimensional
evolution and the speed with which the current den-
sity can increase.
The Cauchy solution is a purely mathematical

statement about Faraday’s law, @ ~B/@t = �~r ⇥ ~E,
and the representation of the vector ~E in terms of ~B
with E = 0. Widespread confusion exists within the
reconnection community between this mathematical
representation of ~E and Ohm’s law, which is the
constitutive expression for the electric field. This
distinction is explained in Section IIIA.
Section VB1 defines Lagrangian coordinates,

~x(~x0, t), and explains the Singular Value Decompo-

sition of the Jacobian matrix J
$

L ⌘ @~x/@~x0. The
implications of the Cauchy solution are discussed in
Section VB2.

1. Lagrangian coordinates

Lagrangian coordinates ~x0 are defined so that the
position vector in ordinary Cartesian coordinates is
~x(~x0, t), where

✓
@~x

@t

◆

L

⌘ ~u?(~x, t) with ~x(~x0, t = 0) = ~x0. (39)

The subscript “L” implies the Lagrangian coordi-
nates ~x0 are held fixed.
The three-by-three Jacobian matrix of Lagrangian

coordinates can be decomposed as

@~x

@~x0
⌘

0

B@

@x
@x0

@x
@y0

@x
@z0

@y
@x0

@y
@y0

@y
@z0

@z
@x0

@z
@y0

@z
@z0

1

CA

= U
$
·

0

@
⇤u 0 0
0 ⇤m 0
0 0 ⇤s

1

A ·
$
V

†
. (40)

where U
$

and
$
V are unitary matrices, U

$
·U
$† = 1

$
. The

three real coe�cients ⇤u � ⇤m � ⇤s � 0 are the
singular values of the Singular Value Decomposition
(SVD). The Jacobian matrix can also be written as

@~x

@~x0
= Û⇤uû+ M̂⇤mm̂+ Ŝ⇤sŝ, (41)

where Û , M̂ , and Ŝ are orthogonal unit vectors, Û =

M̂ ⇥ Ŝ, of the unitary matrix U
$
, which means they

define directions in the ordinary space of Cartesian
coordinates, ~x. The unit vectors û, m̂, and ŝ are

determined by the unitary matrix
$
V , which means

that they define directions in the space of Lagrangian
coordinates, ~x0.
The Jacobian of Lagrangian coordinates, which is

the determinant of the Jacobian matrix, is

JL = ⇤u⇤m⇤s. (42)

The time derivative
�
@ ln(JL)/@t

�
L

= ~r · ~u?. For
the model of Figure 1.a, the Jacobian changes little
from unity.
The properties of evolving magnetic fields and cur-

rents using Lagrangian coordinates were discussed
by Tang and Boozer [37] in 2000 and by Thi↵eault
and Boozer [38] in 2003.

2. Implications of the Cauchy ~B(~x, t)

Using the Singular Value Decomposition of La-
grangian coordinates, Equation (38) for the Cauchy
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solution implies [11]

B
2 =

 
û
† · ~B0

⇤m⇤s

!2

+

 
m̂

† · ~B0

⇤u⇤s

!2

+

 
ŝ
† · ~B0

⇤u⇤m

!2

.(43)

The mathematical definition of a chaotic ~u? is
that the largest singular value ⇤u > exp(t/⌧L) for
some ⌧L > 0 for any time t greater than a su�-
ciently large value. The smallest ⌧L that satisfies this
inequality gives the exponentiation timescale. The
product of the three singular values ⇤u⇤m⇤s ⇡ 1.
When ⇤u increases exponentially, ⇤s decreases ex-
ponentially, and ⇤m has at most an algebraic depen-
dence on time. The exponentiation time scale ⌧L is
usually comparable to the evolution time scale.
The term in B

2 proportional to (û† · ~B0)2 goes
to infinity exponentially in time. The term propor-
tional to (ŝ† · ~B0)2 goes to zero exponentially. A
bounded magnetic field strength is only possible for
a time long compared to ⌧L when the magnetic field
points in the M̂ direction,

~B(~x, t) ! m̂
† · ~B0

⇤u⇤s
M̂. (44)

The unit vector M̂ is also the unit vector along the
magnetic field b̂. When the magnetic field is in the
M̂ direction the current density ~j lies in ribbons
along the magnetic field lines which become expo-
nentially wider and exponentially thinner in time
with the magnitude of the current density increasing
only algebraically [11]. The results of Boozer and El-
der [5] in 2021 exhibit these properties as apparently
does the ideal solution of Huang and Bhattacharjee
[6].
Any smooth flow must naturally be consistent

with the magnetic field lying in the M̂ direction.
Otherwise the magnetic field pressure B2

/2µ0 would
increase exponentially in time.
The number of spatial dimensions is critical in re-

connection theory because the number of singular
values of Jacobian matrix equals the number of co-
ordinates. In two dimensions, a chaotic ~u? implies
the magnetic field strength must increase exponen-
tially in time, but not in three dimensions.
When ~B has a small component in the Û direction,

that component and the associated current density
are amplified exponentially in time until that com-
ponent becomes comparable to ~B. The implication
is that localized flows, which are seen in the Huang
and Bhattacharjee simulations [6], can produce thin
current sheets on a fast time scale as discussed in
Section VA3.
Although force-limits push ~B to be in the direc-

tion M̂ , which allows only an algebraic increase in
current density with time, the small deviations in ~B

that are associated with di↵erent current profiles can
be in the exponentiating Û direction, which has an
exponentially increasing current density. This expo-
nentiation can only hold while the current channel
narrows while the spatially-averaged current density
remains essentially constant.

VI. RUNAWAY ELECTRONS AND THE
CORONA

A large current density, of order jshb, can be re-
quired to Ohmically dissipate the power input of the
footpoint motion of coronal loops, Section IVB. This
current density can exceed that required for elec-
tron runaway, the Dreicer current density jd. When
j > jd, small-angle Coulomb collisions cannot main-
tain a near Maxwellian distribution, and electrons
runaway to a high energy. The calculations of Kul-
srud et al [39] imply the rate of electron runaway
reaches a significant value at the current density
jd = 2⇥ 10�2

enve.
As pointed out by Boozer in [40] and discussed in

[25, 41], when the Dreicer current is exceeded, elec-
trons must runaway to whatever energy is required
to carry the current. For the corona, this means to
a su�ciently high energy that the electron density n

does not become too small due to the gravitational
acceleration of the sun g. When the temperature T

is constant, dn/dr = �n/h, where the scale height
h ⌘ T/Mg. When the ionization is high, M = mi,
the proton mass, and h ⇡ 350T km/eV. A coro-
nal temperature of 100 eV is consistent with a scale
height of 35,000 km.
Below the transition region to the corona, Song

[42] found the electron temperature is almost con-
stant, ⇡ 0.5 eV, which implies an electron thermal
speed ve ⇡ 3 ⇥ 105 m/s and the Spitzer resistivity
⌘ ⇡ 4⇥10�3 Ohm-meter. The electron density drops
rapidly with altitude above the photosphere and
reaches n ⇡ 3⇥1016/m3, at the transition. The Dre-
icer current at the transition is then jd ⇡ 105 A/m2.
The current density jshb ⌘ vB/⌘ ⇡ 250vB, which
equals jd when Bv ⇡ 400 T·m/s. Song found the
magnetic field is highly localized in flux tubes on
the photosphere, but those tubes have large diame-
ters at the transition region.
The magnetic field and velocity that should be

used to estimate of jshb are uncertain. For coronal
loops driven by sunspots, two papers are of particu-
lar importance. Okamoto and Sakurai [43] have ob-
served fields above 0.6 T at sunspots, and Sobotka
and Puschmann [44] have observed horizontal flows
of 4 km/s. The product of these numbers gives
Bv = 2400 T·m/s approximately six times higher
than that required for jd = jshb at the transition.
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More typical velocities and fields could produce an
exact balance.
As noted in [25], any star that has evolving mag-

netic field structures on the scale of tens of thou-
sands of kilometers must have a corona, otherwise
the induced currents would run out of current car-
riers, but whether this actually explains the solar
corona requires careful study.
Although coronal heating is not directly men-

tioned among the challenges of Appendix A, it is
connected with C3, Energy conversion, and C6, Par-
tial ionization.

VII. DISCUSSION

Coherent discussions of the challenges of magnetic
reconnection require sensitivity to the definition of
reconnection and the important questions. For that
the ArXiv publication of 108 authors [4], which is
quoted in Appendix A, is important. Nevertheless,
di↵erent views about what are the important ques-
tions remain apparent between studies of toroidal
magnetic-fusion plasmas and studies of space and as-
trophysical plasmas: (1) When the initial condition
of an evolving magnetic field is smooth, is the time
required for reconnection to occur on a timescale
comparable to the timescale set by an evolution?
This is a central issue in tokamak disruptions but
the onset time for reconnection has not been a focus
in space and astrophysical plasmas. (2) How should
the speed of reconnection be defined? When rapid
energy transfer from the magnetic field to the plas-
mas is the definition of reconnection then the rate of
transfer provides a definition.

A. Reconnection in toroidal plasmas

The periodicity of toroidal fusion plasmas gives a
clear definition of the breaking of magnetic connec-
tions. Breaking connections means breaking mag-
netic surfaces, as in a tokamak disruption.
When a rapid breaking of the toroidal magnetic

surfaces occurs in a tokamak, the definition of the
speed of reconnection is subtle. Magnetic field lines
are defined at points in time. When the last in-
tact magnetic surface is broken, a magnetic field
line at that instant changes from being bound by
that surface to traversing the plasma and striking
the chamber walls. The relevant speed is not de-
fined by the instantaneous change in the trajectory
of the field line but by the speed of physical e↵ects
that are produced by the topological change, the
time it takes for particles or energy to be transported

along magnetic field lines throughout a chaotic re-
gion. For j||/B flattening, the characteristic time is
the time for shear Alfvén waves to cover the chaotic
region by propagating along the magnetic field lines.
The topological change can allow relativistic elec-
trons trapped in the core of a tokamak to strike the
surrounding walls by following magnetic field lines.
The damage to the device is largely determined by
how highly localized in space and time are the strikes
of the relativistic electrons on the walls.

B. Reconnection is space and astrophysical
plasmas

In space plasmas the boundary conditions are of-
ten too indeterminate to rigorously define magnetic
field line topology or what is meant by the break-
ing of field-line connections. Consequently, little
study is done of the physical e↵ects produced by the
changes in field line connections. Yet, answers to
physical questions within the region of interest may
depend on what happens outside that region [47].

When topology and changes in field line connec-
tions are ill-defined, energy transfers between the
field and the plasma seem most important, and it
is natural to define magnetic reconnection by the
energy transfer [2]. Energy transfer can be defined
even in models in which changes in magnetic topol-
ogy are not defined. Energy release from the mag-
netic field can occur even when ⌘ = 0; ideal mag-
netic kinks are a well known example. Neverthe-
less, the energy release from the magnetic field is
generally greater when the field-line connections are
freely broken. The direct energy release from the
magnetic field is of little interest in the fast recon-
nections called tokamak disruptions for less than a
part in a thousand of the energy is typically released
[46].

Space and astrophysical studies are focused not
only on the energy transfer from the fields to the
plasma but also on acceleration of particles by the
reconnection process. Although the acceleration of
electrons to relativistic energies as a result of mag-
netic surface reconnection is a major issue in toka-
maks, the acceleration is not a direct part of the re-
connection process but rather a result of the plasma
cooling increasing the resistivity to the point that
⌘j̄, with j̄ a spatially-averaged current density, gives
an electric field above that required for electron run-
away. Electron runaway also o↵ers a compelling ex-
planation of the solar corona and serves as a check on
the production of intense currents by even smooth,
large-scale footpoint motion.
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C. Commonality of reconnection issues

The centrality of chaos to understanding changes
in the topology of magnetic field lines seems clear
when the evolution involves all three spatial coordi-
nates. It is implied by a mathematical analysis of
Faraday’s law, by intuition based of pictures such as
Figure 1.b, and by analogy to mixing in fluids.
By making the preservation of connections of mag-

netic field lines fragile, chaos can cause energy to
be transferred from the large scale magnetic field to
Alfvén waves. The damping of the Alfvén waves in-
volves intense current sheets. The extent to which
the fluid viscosity of the plasma can dissipate the
energy released by the magnetic field requires more
study. At a su�ciently large Prandtl number, Pr ⌘
⌫/(⌘/µ0), the ratio of viscosity to resistivity, the
flows needed to produce the intense current sheets
must be damped, but the level is presently unknown.
Neither magnetic field line chaos nor intense cur-

rent sheets enhance the dissipation of magnetic he-
licity. Helicity input from footpoint boundary con-
ditions cannot be dissipated in a low resistivity
plasma, which makes helicity accumulation an obvi-
ous cause for eruption of coronal loops. Helicity con-
servation during the magnetic reconnection of toka-
mak disruptions, limits the release of energy from
the magnetic field to extremely small values [46].

D. Importance of chaos in reconnection
literature

In 1962, Thomas Kuhn [48] in one of the most in-
fluential works of history and philosophy written in
the 20th century [49], discussed how di↵erences in
the important questions and in the important fea-
tures of a model arise whenever a new paradigm
is introduced. He also pointed out how di�cult it
is for a scientific community to accept a change in
paradigm.
Although the one sentence statement about chaos

on page 3 should be tested, the fact that Faraday’s
law and the general expression for the electric field
give an advection di↵usion equation make failures
unlikely in the extreme. Basing a reconnection the-
ory on the failure of Maxwell’s equations does not
seem winning strategy. A change in the paradigm
for rapid changes in magnetic topology is required
from intense current sheets with j ⇡ vB/⌘ of the
Schindler, Hesse, and Birn to the centrality of chaos.
Simulations of magnetic evolution with credible

boundary conditions as the largest achievable mag-
netic Reynolds numbers are needed to guide the
physics. Many issues could be better understood
through practical simulations. A few of importance

to solar physics are (1) the constraint L/a >⇠ lnRM

on coronal loops, (2) the role of viscosity, (3) the ex-
tent to which Dreicer runaway explains the corona,
(4) the constraints of solar footpoint flows that can
be obtained from the behavior of coronal loops, (5)
the e↵ect of curvature on evolution of coronal loops.
Unfortunately, simulations do not have the numer-

ical resolution to directly solve magnetic evolution
problems with the largest magnetic Reynolds num-
bers of practical interest. These problems require
an analytic understanding of evolution of the three
physical concepts: magnetic topology, energy, and
helicity.
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Appendix A:

Major Scientific Challenges and Op-
portunities in Understanding Magnetic
Reconnection and Related Explosive Phe-
nomena in Solar and Heliospheric Plasmas [4]

I. Magnetic Reconnection: A Fundamental
Process throughout the Universe and in the
Lab

Magnetic reconnection—the topological rear-
rangement of magnetic fields—underlies many
explosive phenomena across a wide range of nat-
ural and laboratory plasmas. It plays a pivotal
role in electron and ion heating, particle accel-
eration to high energies, energy transport, and
self-organization. Reconnection can have a complex
relationship with turbulence at both large and small
scales, leading to various e↵ects which are only
beginning to be understood. In heliophysics, mag-
netic reconnection plays a key role in solar flares,
coronal mass ejections and heating, the interaction
of the solar wind with planetary magnetospheres,
associated dynamical phenomena such as magnetic
substorms, and the behavior of the heliospheric
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boundary with the interstellar medium. Magnetic
reconnection is also integral to the solar and
planetary dynamo processes. In short, magnetic
reconnection plays a key role in many energetic
phenomena throughout the Universe, including
extreme space weather events that have significant
societal impact and laboratory fusion plasmas
intended to generate carbon-free energy.

II. Major Scientific Challenges in Un-
derstanding Reconnection and Related
Explosive Phenomena in Heliophysics

C1. The multiple scale problem: Recon-
nection involves the coupling between the fluid
or MHD scale of the system and the kinetic ion
and electron dissipation scales that are orders of
magnitude smaller. This coupling is currently not
well understood, and the lack of proper treat-
ments in a self-consistent model is the core of the
problem. Reconnection phase diagrams based on
plasmoid dynamics clarify di↵erent possibilities for
coupling mechanisms. Key questions include: how
do plasmoid dynamics scale with key parameters,
such as the Lundquist number and e↵ective size;
how is this scaling influenced by a guide field; do
other coupling mechanisms exist; and how does
reconnection respond to turbulence and associated
dissipation on scales below or above the electron
scales?

C2. The 3D problem: Numerous studies
have focused on reconnection in 2D while natural
plasmas are 3D. It is critical to understand which
features of 2D systems carry over to 3D, and which
are fundamentally altered. E↵ects that require
topological analysis include instabilities due to
variations in the third direction leading to complex
interacting “flux ropes,” potentially enhancing mag-
netic stochasticity, and field-line separation in 3D.
How fast reconnection is rlated to self-organization
phenomena such as Taylor relaxation, as well as
the accumulation of magnetic helicity, remains a
longstanding problem with important implications
for, e.g., coronal heating and eruptions.

C3. Energy conversion: Reconnection is
invoked to explain the observed conversion of
magnetic energy to heat, flow, and to non-thermal
particle energy. A major challenge in connect-
ing theories and experiments to observations is
the ability to quantify the detailed energy con-
version and partitioning processes. Competing
theories of particle acceleration based on 2D
and 3D reconnection have been proposed, but as
of yet there is no consensus on the origin of the

observed power laws in particle energy distributions.

C4. Boundary conditions: It is unclear
whether an understanding of reconnection physics
in periodic systems can be directly applied to
natural plasmas, which are non-periodic and often
line-tied at their ends such as in solar flares.
Whether line-tying and driving from the boundaries
fundamentally alter reconnection physics has pro-
found importance in connecting laboratory physics
to heliophysics. It is also important to learn how
reconnection works in naturally occurring settings
that have background flows, out-of-plane magnetic
fields, and asymmetries.

C5. Onset: Reconnection in heliophysical and
laboratory plasmas often occurs impulsively, with
slow energy build up followed by a rapid energy
release. Is the onset a local, spontaneous (e.g.,
plasmoid instability) or a globally driven process
(e.g., ideal MHD instabilities), and is the onset
mechanism a 2D or 3D phenomenon? How do
collisionality and global magnetic geometry a↵ect
the onset conditions? A related question is how
magnetic energy is accumulated and stored prior to
onset, e.g., in filament channels on the Sun and in
the lobes of Earth’s magnetotail.

C6. Partial ionization: Reconnection events
often occur in weakly ionized plasmas, such as the
solar chromosphere (whose heating requirements
dwarf those of corona), introducing new physics
from neutral particles. Questions include whether
reconnection is slowed by increased friction or
accelerated by enhanced two-fluid e↵ects.

C7. Flow-driven: Magnetic fields are generated
by dynamos in flow-driven systems such as stars
and planets, and reconnection is an integral part
of the dynamo process. Key questions include:
under what conditions can reconnection occur in
such systems; how fast does it proceed; how does
reconnection a↵ect the associated turbulence?

C8. Turbulence, shocks, and reconnection:
Reconnection is closely interconnected to other
fundamental plasma processes such as turbulence
and shocks, which in turn produce heliophysical
phenomena such as solar energetic particles. It is
essential to understand the rates of topology change,
energy release, and heating during reconnection,
as they may be tied to the overall turbulence and
shock dynamics.

C9. Related explosive phenomena: Global
ideal MHD instabilities, both linear (kink, torus)
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and nonlinear (ballooning), are closely related to re-
connection either as a driver or a consequence (e.g.,
coronal mass ejections, magnetic storms/substorms,
and dipolarization fronts in the magnetotail). Un-
derstanding how, and under what conditions, such
explosive phenomena take place, as well as their im-
pact, remain major scientific challenges. Physics in-
sights from reconnection under extreme conditions
in astrophysics should be beneficial as well.

Appendix B: Current density increase of Huang
and Bhattacharjee

Equation (15) of Huang and Bhattacharjee [6] ap-
pears to be analogous to Equation (29). Their ana-
logue to 2@⌫(`, t)/@t is T , where

T ⌘ @x~u · @y ~B? � @y~u · @x ~B?. (B1)

Their paper emphasizes the importance of T to the
di↵erences between their results and those of Boozer
and Elder [5].
Near a given line the divergence-free magnetic

field line velocity and the ideal perturbation to the
magnetic field � ~B can be written in terms of the field
line displacement ~� with ~r · ~� = 0;

~u =
@~�

@t
; (B2)

� ~B = ~r⇥ (~�⇥B0ẑ) (B3)

= B0
@~�

@z
. (B4)

The displacement is the sum of two parts: a part
with a curl, ~�c, and a quadrupole part, �q, that
does not. Each has an associated velocity and per-
turbed magnetic field. The displacement �c also
has an associated vorticity ⌦ and a parallel current
density, or K, but �q does not.

~�c = �c1(z, t)xŷ ��c2(z, t)yx̂; (B5)

⌦ ⌘ ẑ · ~r⇥ ~uc (B6)

=
@(�c1 +�c2)

@t
; (B7)

� ~Bc

B0
=

@�c1

@z
xŷ � @�c2

@z
yx̂; (B8)

K ⌘ ẑ · ~r⇥ � ~Bc

B0
(B9)

=
@(�c1 +�c2)

@z
; (B10)

~�q = �q(t)(xx̂� yŷ) cos(kzz)

+�q(t)(yx̂+ xŷ) sin(kzz); (B11)
� ~Bq = kzB0

n
(yx̂+ xŷ) cos(kzz)

�(xx̂� yŷ) sin(kzz)
o
. (B12)

The magnetic scalar potential that gives the dipo-
lar field is proportional to ⇢

2 cos(2✓ � kzz), where
⇢ is the distance from the line, and ✓ is the angle
around the line. Only one Fourier component in z is
retained, but an arbitrary number of kz’s could be.
The second harmonic is the only curl-free term that
can contribute in ⇢2 order.

The there are four contributions to T of Equation
(B1). T = Tcc + Tcq + Tqc + Tqq with first su�x
denoting ~uc or ~uq and the second the corresponding

� ~B.

Tcc = 0; (B13)

Tcq = kzB0
@(�c1 ��c2)

@t
�q sin(kzz); (B14)

Tcq = B0
@�q

@t

@(�c1 ��c2)

@z
cos(kzz); (B15)

Tqq = kzB0
d�2

q

dt
. (B16)

Letting �c1 ��c2 = �c(t) cos(kzz) +�s(t) sin(kzz)
gives

T = kzB0

 
d(�2

q +�s�q/2)

dt

!

+kzB0

n✓
d�c

dt
�q ��c

d�q

dt

◆
sin(2kzz)

2

+

✓
�s

d�q

dt
� d�s

dt
�q

◆
cos(2kzz)

2

o
. (B17)

When the various �’s increase together, so
d ln�c/dt = d ln�s/dt = d ln�q/dt,

T = kzB0

 
d(�2

q +�s�q/2)

dt

!
and (B18)

⌫hb = kz
�2

q +�s�q/2

2a2
(B19)

is the Huang and Bhattacharjee analogue of ⌫ in
Equation (29) using the coe�cients that they used
to make their equations dimensionless.
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