Proceedings of a

Conference on the
Theoretical
Aspects of

CONTROLLED
FUSION
RESEARCH

Gatlinburg, Tennessee
APRIL 27-28, 1959

ITED STATES ATOMIC ENERGY COMMISSION -~ Technical Information Service



CONTROLLED THERMO

This report was prepared &s an
States, nor the Commiasion, rior any

A. Makes any warranty 6r représen
racy, completeness, or usefulnéss of the: infi
of any information, apparatus;.’ m
privately owned rights; or.:
B. Assumes any liabilitles with

ployee or contractor of the Co
such employee or oontractor: of
disseminates, or provides
with the Commission, or hi

This report. has: bee
available copy:
Printed in USA; ]
Technical Servi




Proceedings of a

Conference on the Theoretical Aspects of

CONTROLLED FUSION RESEARCH

Gatlinburg, Tennessee
APRIL 27-28, 1959

Issuance date: November 1959

OAK RIDGE NATIONAL LABORATORY
Oak Ridge, Tennessee



FOREWORD

Once again the resort city of Gatlinburg, Tennessee, was the scene of

2 meeting devoted to Project Sherwood {controlled fusion research) when a

. small group of theorists (and a few experimentalists) met there on April 27
‘;and 28, 1959. Unlike the previous meeting here, which was in June of 1956

" and which covered all aspects of the Project, this meeting was limited to

:the subject of '"Theoretical Aspects of Controlled Fusion Research.” The other
”?striking difference in the two meetings was a more relaxed attitude as a result
fbf the complete declassification of the project in the interim. Unfortunately,
:;ﬁhe difficulties of nature are not legislated away as easily, and the contents
be the pspers reflect tﬁe degree ol concern with the various plasma mis-
bbehaviors.

The present report represents a compilation of the papers presented. at
this conference. Some zuthors have chosen to submit only the abstract of
their talks since they plan to publish in the open literature shortly.

The conference committee wishes to express its thanks to Mr. D. D. Cowen
of ORNL who, with his staff, was responsible for the smooth handling Qf the
local arrangements. We azlso owe a debt of gratitude to Mrs. Lorraine Abbott
for he} expert advice and assistance in preparing this report.

Committee:
A. Simon, Chairman
R. G. Alsmiller, Jr.

T. K. Fowler
E. G. Harris
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PAPER 1

THERMALIZATION OF A FAST ION IN A PLASMA®

Herbert C. Kranzer
Institute of Mathematical Sciences
New York University

Abstract

A fast ion is injected into a plasma in equilibrium. We deter-
mine the time history of the probability distribution of this ion in
velocity space. This is done by numerical integration of the linear-
ized, space-independent Fokker-Planck equation with both the ion-
ion and ion-electron terms retained. The mean time of thermaliza-
tion is calculated for several widely separated injection velocities,

Suppose a single ion of velocity 's‘o igs injected at time t = 0 into a
homogeneous plasma in thermal equilibrium with no external electromag-
netic fields present. The probability distribution f(E t) of this ion inm
velocity space satisfies the space-independent Fokker- Planck equatlon1

! of _ 82 1

5 —f(af)‘*’a,g.a‘S ( b f) (1)

and the initial condition

£(E,0) = 8 - E) . (2)

The work presented in this paper is supported by the AEC Computing
and Applied Mathematics Center, Institute of Mathematical Sciences,
New York University, under Contract AT(30-1)-1480 with the U. S,
Atomic Energy Commission.

1. See Rosenbluth, MacDonald and Judd, Phys. Rev., 107, 1 (1957), or
Grad, Thermonuclear Reaction Rates in an Electrical Discharge, NYO-
7977, Inst. of Math. Sciences, N. Y. Univ., Jan, 1958.
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The values of the dynamical friction coefficient a , and the dispersion co-
efficient b, to be taken in (1) are those corresponding to the (Maxwellian)
distributions of ions and electrons in the original plasma. 2

We introduce the dimensionless independent variables

% - T@nt/? (3)
41me4ﬂnﬂ

T & —— ———t , (4)
Ml/z(kT)slz

where T is the plasma temperature (assumed the same for electrons or
ions), M is the ion mass, k is Boltzmann's constant, R =k/M, e is the
electronic charge, n the number density of ions or electrons, and

3/2
p = 28D (5)

21/-7r_ne3

is the ratio of the Debye length to the mean distance of closest approach in
a Coulomb encounter, (All quantities are expressed in cgs electrostatic
units.) Then equations (1) and (2) become conditions of the form

2
8. EA I P LNCR (®)
$x,0 = 6(x - x) ., %, = EO/(RT).IIZ , (7)

on the dimensionless probability distribution’
$(x,7) = (RT)S/Zf(S,t)' . (8)

Our ultimate goal is to numerically integrate (6), (7), a system in-
volving two velocity dimensions and one time dimension. Here we assume
spherical symmetry in velocity space. If we are interested in following
only the speed of the injected test ion, this will be an excellent approxima-
tion.

Hence we set

1 > _
-3 //¢(y,t)dwy = g(x,t) (9)

* lyl=x

and obtain for g the differential equation

g _ (2.1 8 og

2. See Grad, op. cit., for the precise form of these coefficients in this
case. '



and the initial condition

gx,0) = x,08(x - x;) . (11)
"The function G = G(x) is defined as
G(x) = F(x) + pF(%) , ) (12)

where {(at least for singly charged ions)

02 = M/m (13)

is the ratio of the ion to the electron mass and
X 2 2
- 2 - 2
F(x)=)—t/ey/dy-ex/ (14)
o

We proceed to the numerical solution of (10), (11) by finite differences.
We approximate (10) by an explicit difference equation; i.e., we take a rec-
tangular mesh with a spacing Ax in velocity and AT in time and replace
gg by a forward difference. To reduce truncation error, the right-hand side
T
of (10) is first expanded into the form

2
°og _ (2 1 : : %g , 28
5 [(xG' + Qg + (G +xG) 35 + G=]

oT b ! % Ox

I

(15)

2
Cg + A28 + B 28 |
ox axz

The x-derivatives of g in (15) are then replaced by centered differences,
while the coefficients A, B, C are evaluated analytically. Because A(x)
becomes infinite at x = 0, the first velocity mesh point is taken at x = %Ax;
differences centered at this point are computed by assuming g to be an even
funct10n4of x. The truncation error of this scheme is of the order of (At)2
or (Ax)=.

Since the maximum of x-zG occurs at x = 0 and is equal to %, the
Courant-Friedrichs-Lewy stability criterion is satisfied if

sz < % 3 = L.8s. (16)
{Ax)

A =

For safety, we choose A = 1.75.

In most of the cases considered below, the initial values (11) of g are
represented numemcally by choosmg X, to coincide with a mesh point and
taking g(x, 0) to be X5 (Ax) at this mesh point and zero at the others. In
the one case where Xy > p, this prescription would cause oscillations which
reach unacceptably large amplitudes before damping out. The initial values

5



of g in this case are chosen to be the values g would have at some later
time T (small relative to the time scale of thermalization) if the coefficients
A, B, C in (15) had everywhere the values they have at Xy
exp [CT - (x - X + A?)2/4B?]
g(x,0) = (17)
2x§<1r13?)1/ 2

The choice of numerical upper bounds for x and T is facilitated by the
fact that the exact solution of (10), (11) approaches as 7 — o the Maxwellian

distribution
2
_ [z -x"/2
gM(x) = a7 e ; (18)

Thus for an x not much larger than x, the solution remains altogether neg-
ligible for all time. We take such an x for an outer boundary and im pose
there the simple boundary condition g = 0. The upper bound on 7 is deter-
mined by the computation itself: we stop computing whenever g(x,7) is as
close to gM(x) as the numerical approximation allows.

Numerical computations have been performed for a plasma consisting
of deuterium, for which p = 60.5948. Four widely spaced injection veloci-
ties x, were chosen: x, =0, x, = 1.55, Xg = 9.7, and Xgy = 240. The
first of these was chosen to provide a reference relaxation time. The sec-
ond corresponds to the center of the initial distribution used by Rosenbluth. 3
The choice of the last two can be most easily understood by reference to the
"friction curve' — the plot of the total friction coefficient @ (cf. (6)) as a
function of x. This curve begins at zero (for x = 0), rises to a maximum
value @p, at about x = 1.3, decreases to a minimum between x = 1.3 and

X =0, rises to a second maximum value %O’M at x ='1.3p, and finally falls

. . -2 . : .
off toward zero in proportion to x ~. The velocity x = 9.7 lies at the cen-
tral minimum, while x = 240 is approximately that velocity for which «
reaches on its final downward curve the same value as it has at x = 9. 7.

The case X, = 240 requires smoothing of the initial data. The time ?
of smoothing (see (17)) was taken as 37.7.

The numerical parameters used in the four cases are summarized in
Table I.

In the three cases where x_ was positive, the solutions behave quite
similarly (see Fig. 1). At first, the initial delta-function diffuses into a
Gaussian whose width is determined by the dispersion coefficient B{x) and
whose peak moves toward lower velocities at the rate A(x). This regular
evolution continues until the inner tail of the Gaussian reaches x = 0. (Fig.
1C). At that time, a second peak forms at x = 0 (Fig. 1D). This peak

3. MacDonald, Rosenbluth, and Chuck, Phys. Rev., 107, 351 (1957).
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Table I — Details of the numerical computation

Injection velocity X, 0 1.55 9.7 240
Smoothing time 7 0 0 0 37.7

" Velocity mesh Ax 0.1 0.05 0.06 0.1
Time mesh AT 0.0175 0.004375 0.0063 0.0175
Upper velocity bound x5 7.0 7.0 12.0 250

rapidly increases in height and width (Fig. 1E), completely swallowing up
the original Gaussian, until (Fig. 1F) it somewhat surpasses the Maxwellian
distribution (18). Finally (Fig. 1G) it slowly falls back and broadens,
approaching (18) exponentially.

When x, = 0, the initial distribution is just an extreme case of the
pattern of Figure 1F. Hence an exponential decay toward the Maxwellian

~distribution begins immediately.

Some of the quantitative details of this general picture are given in
- Table II. In the case x, = 240, the smoothing time # is included in all
elapsed times. A physical idea of the size of the units involved may be ob-

Table II
Injection velocity x, 0 1.55 9.7 240
Tim.e Tys at which central peak _ 0.9 50 1840
begins to form :
Positi 1
, .051t10n x of outer peak at this _ 1.07 7.08 11.75
time
Ti ic
‘ '1rne T o at which outer peak _ 1.3 100 1970
disappears
T . .
dlme 73, . at which exponential 0 3.9 261 2140
ecay begins '
Ti T i |
S me constant 7 of exponential 3 8 15 20
ecay
Mean th alization ti
, erareation Hme 3 12 276 2160
T4 = T3 + 7
Rati izati
. io of m.ean therrr.la.hzat‘lon ~ ~3 ~175 ~8600
time to Spitzer collision time :

These computations were performed on the IBM 704 at the Institute of
Mathematical Sciences, New York University.
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ined by noting that the root mean square plasma ion speed corresponds to
»\/§ = 1.73, while the r. m.s. electron speed corresponds to x =p v3
105. Furthermore, the Spitzer ion-ion collision time#

M1/2 3/2

t o= (3kT)°"%/8 x 0.714 1ne inn (19)

(o4

s equal to 3, 62 units of tau, ,

Spitzer, Physics of Fully Ionized Gases, Interscience, New York, 1955,
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PAPER 2

A VARIATIONAL CALCULATION OF PLASMA
TRANSPORT PROPER TIES

Ira B. Bernstein
Project Matterhorn, Princeton University, Princeton, N. J,

and

Bruce Robinson
Physics Department, Princeton University, Princeton, N.J.
and Los Alamos Scientific Laboratory, Los Alamos, N. M,

Abstract

A variational principle is given for the electrical
conductivity of a fully ionized plasma. Use of a very
simple trial function yields Spitzer's value to within 2 %.
The method can be generalized so as to apply to all trans-
port coefficients.

The Fokker-Planck Equation

‘The distribution function f, describing the joint distribution in
position and velocity of electrons colliding with a locally equal number of
infinitely massive protons in an external electric field §,consistently
neglecting magnetic ef'fectsl, is determined by the Fokker-Planck equation

Q@

R AR L g

of .
ot T Y

Dlay
lH]'-h
2]

The velocity space current density j is given by

1. M. N. Rosenbluth, Wm. M. MacDonald, and D. L. Judd, Phys Rev.
107, 1 (1957).
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(2)

- It is convenient to transform the above expression to a more symmetric
form by integration by parts. Namely since

0 3 f (g’
ts‘dvlv ]

-y
1 3 3 2
=-zng'f(z')3—_.Vv. | v - '] (3)
_ L 3 8t (y') 3 g
-ZSd ' 2 ov' av lv Vl
on defining
g=y-yv, (4)

one can write eq. (2) in the form

‘../

. 2me lnA{S‘ [£(v") Q ) £(v) fj!)] 55
m g
(5)

Quasi-equilibrium

Assume that there is spatial homogeneity and that there is only a
“uniform external electric field & ., Then if (f] is treated as a perturba-
tion, in terms of a quantity ¢ “of the same order as é_: , one writes

f=1f (L+¢) , (6)

11



where

2
£ = N(m/2nkT) /% ¢~ @MV /2T (7)

Then, on 1ineariza.tion2 of eq. (1), there results

€ - 5v =" 7 £ v =Kp. (8)

x

[
m

The linear operator K is defined by

4 A 1 21_
K¢ = ﬂe_ZM 8% .{Sd3v..fo(x)fo(1r)[_a_%({_¥). _ 9d(v )] g _3&8,

av'
m —

(9

2
_ ap(y) vol-xx
+fo(x) gvy : 3 }'

Define the inner product ( ¥, K¢) by

wxp = (v pmxg - (10)

If one takes the expression obtained by employing eq. (9) directly with
eq. (10}, interchanges v and v', and then forms one half the sum of the
former and latter expressions, there results

2 ) i t ZI_ :

(11)
3 dy(y) ad(y) v 1-yv
+ Sd v (v) o SR == 1.
- - \'%
It is obvious from eq. (ll) that K is a symmetric operator, i.e.
(y.K¢d) = (K ¢) , (12)

2. 5. Chapman and T.G. Cowling - The Mathematical Theory of Non-
Uniform Gases, Second Edition, Cambridge, 1953.
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‘and moreover that K is a negative operator, i.e.

(¢, Kp) < 0 (13)

This latter conclusion follows immediately from the observation that for an

" arbitrary vector a

2 2 2 2
aa:(gl-ggllg =2 -(a-g/gh'=0 (14)
| Electrical Conductivity
Multiply eq. (8) by ¢ and integrate with respect to v . Observe
. that to lowest order in the parameter of smallness
3 .
<v> = dv v /N
(15)
=\ &vve g/N
= vy ¢ .
Therefore,
N
it € <¥> =-(.Kp). (16)
Now it follows from the form of eq. (8) that ¢ must have the form(z)
$ . ¥
ply) = &5 e, , (17)

“ whence

N<y> = Yd3vfo(v)(1>(v) == %
(18)

_ % %— S7d3v vi (VB

that is the mean velocity lies along the electric field. Thus the electrical

‘conductivity can be written, on employing eq. (16)

_ Ne|<y>| _ kT kT
g= < = ‘Cz('f”K?’)"&z(””"“ (19)

13



Variational Principle

Define
Yly) = - == € - Lho (¥ (20)
2
- kT (L ¢)
Note that

x{o+ Ag)- A {9}
L&E{umfwwmm@w+@mﬁ w9

& (9, Kp) + 2(Ap, K§) + (A9, KAg) (9, K¢)
kT/E” (w 9°
(8T ApK(F AN {2 AW T i) KO )
( )2 2
- (—‘k—@——¢, Kg) (Ap, KA¢) + (Y A¢) (22)
Thus the condition that A be stationary is
2
p= B0y (23)

(@, K¢)

Given any solution of eq. (23) one can always find a constant ¢ such that
$p = c¢ satisfies

Y=K¢’, (24)

which is just eq. (8). This renormalization clearly does not change the value
of A. Moreover when ¢ satisfies eq. (23) (or ¢ eq.(24))

kT

SO

W ¢)=0c (25}

Thus A is stationary for variations in ¢ about that function which satisfies
ea. (24), and moreover the associated external value of XA is just the desired
conductivity ©.

14



Suppose that p satisfies eq. (23) and that A¢ is an arbitrary and
not necessarily small variation. Then it follows from eq. {22) that

x{o+ A} - A {0}
(26)

2
- I¢+A1¢(>,TI§¢+ A9) ] {(A ¢, Ktb)z - (0, K¢) (A9, KA¢)}

In order to determine the sign of the quantity in curly braces observe
that since K 1is a negative operator,

o = (p, K¢) [Ap+ x¢, K(A + x¢)]

< (p, Ko)[ (A¢, KA®) +2x (A, K¢) + x2 (¢, Kp)] (27)
2
]

= (¢, K¢)° [x +%‘5—,’—%;")l + (6, K¢) (Ag, KAG) - (Ag, Ko)°

where x is arbitrary.

Therefore
o = (§, Kp) (Ap, KAQ) - (Ad, Kp)° 28)
and

A{p+Ap} -2 {¢p}<o.

Thus the vdriational principle is an absolute maximum principle, and the
resultant extremum unique.

(3)

The conductivity of a plasma has been computed by Spitzer and Harm
by numerical integration of eq. (8). The results are reported in terms of
Oy the conductivity of a Lorentzian gas, namely a plasma in which the elec-
trons collide only with infinitely massive positive ions, and

oo L (ﬁ)” ‘ xr 29
L 1I3 2 In A m e’
3 L. Spitzer and R. Hirm, Phys. Rev. 89, 977 (1953),
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Thus

c,Spitzer -
L

0.582, (30)

while the trial functions ¢ = £- ¥ v/ and ¢g=E'v vz/e yield respectively

;"- = 0.569
L
(31)
0—"— = 0.540
L

The variational principle can be generalized to an arbitrary mixture of
neutral and charged particles in a magnetic field and has been employed for
this purpose by Walter Marshall'”®’, using the usual two body collision integrals
rather than the Fokker-Planck equation.

4, Walter Marshall - The Kinetic Theory of an Ionized Gas, A.E.R. E,
T/R 2247, 2248, 2419, Atomic Energy Research Establishment,
Harwell, Berkshire, 1958,
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PAPER 3

TEST PARTICLES IN A PLASMA

M. N. Rosenbluth
John Jay Hopkins Laboratory

Abstract

A charged particle is considered tc move 1ln a preassigned orbit. The

sma is treated as a fluid, i.e., a medium in vhich e %0, m— 0, n—swm such
t.e/m and ne remain constant. The plasma becomes polarized so that there is
loud of charge around the test particle. The test particle is not at the
ctrical center of the cloud, so that there is an electric field acting on it.
s procedure gives the usual frictional drag, except for the proper effective
ss. There is an additional drag due to the emission of plasma waves. By
nsidering a Maxwell distribution of "test particles, " the total plasma wave
ssion is calculated.

The test particle problem has been solved in the absence and in the presence
a constant magnetic field. With a magnetic field, the drag parallel to the

1d resembles the zerc field case, except that the Larmor radius may replace

. Debye length in the long wavelength cutoff. The drag perpendicular to the

14 has no counterpart in the zero field case. It exhibits some gualitatively
 features that are due to resonant interactions with field partiecles.

17



PAPER 4

KINETIC EQUATIONS FOR A PLASMA

N. Rostoker
John Jay Hopkins Laboratory

Lbstract

IT in the Liouville equation, the coordinates of all particles but one, but
two, etc., are integrated out, one obtains a chain of eguations for the one-,
two-, etc., body distributions. The chain czn be solved rigorously by expanding
in powers of the charge. The lowest order means the limit e—0, m—0,

n—. oo, such that e/m and the ne remain constant. In this case the particles are
independent, and the one-body distribution obeys the collisionless Boltzmann
equation. In the next order the solutions for the n-body functions can be
expressed in terms of two-body correlation functions.

If no particles zre distinguished the eguation for the one-body distribution
is the Boltzmann equation. If one particle is distinguished the symmetry of the
density in phase space must be reduced. The equation for the distinguished
particle is the Fokker-Planck equation. The test-particle problem is an
incosistent approximation which is first order in the charge of the distinguished
particle and zero order in the other charges.

The consistent test-particle problem is formulated and solved for the case

of zero external mesgnetic field. The resulting Fokker-Planck equation. contains
new terms that zrise from the emission of plasma waves.

18
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PAPER 5

MICROWAVE EMISSION FROM HIGH TEMPERATURE PLASMAS™®

David B. Beard
University of California, Davis, California
Missiles and Space Division, Lockheed Aircraft Corp.

Abstract

The emission of cyclotron radiation from near-relativistic plasma
electrons has been estimated, The calculation presented here takes
into account the relativistic effects on the frequencies radiated by
energetic electrons. Radiation parallel to the confining magnetic
field is broadered by the Doppler effect or the relativistic mass
dependence on the electron energy. Radiation perpendicular to the
field is in a breoad distorted line due to the relativistic mass varia-
tion. Radiation is also emitted im higher harmonics of the fundamental
cyclotron frequency due to the asymmetry in the laboratory frame of the
electric field resulting from the electron charge. The emission has
been calculated by integration over the velocity spectrum of a Maxwell-
Boltzmamn distribution in electron velocity and summed over all the
contributing harmonics. The results of Trubnikov and Kudryavtsev,
reported at the September, 1958, Geneva Conference, are roughly sub-
stantiated,

Aside from its obvious application as a diagnostic tool some of the current
interest in cyclotron radiation emitted from hot plasma stems from a recent pre-
dictionl that it would amount to a serious energy loss. The calculation I wish
to report on estimated the plasma cyclotron emission by calculating the index
of refraction and absorption coefficient of the plasma., From these optical
constants the absorption of incident radiation was determined and by invoking
Kirchhoff*s relation the emission was found. The mmin feature of the calcula-
tion was that the variation in resomant frequency due to the relativistic

#*This report differs from the talk presented at the meeting. In the integration
over velocity space an unfortunate error in sign was made with the result that
the emission was greatly underestimated. Luckily, I. Bernstein and M. Rosen-
bluth had been looking into the problem (See discussion.) and recognized that

an error had been made in the integration. The author is deeply indebted to
them both for kindly calling his attention to the error and preventing its
further propagation.

1. B. A. Trubnikov and V. S. Kudryavtsev, Second United Nations Conference on
Peaceful Uses of Atomic Emergy, A/conf 15, p. 2213 (1958).
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behavior of the electrons was taken into account. The electrons resonated
at differing frequencies with the result that the phase of an incident wave
was simultaneocusly advanced by same electrons and retarded by others. Thus,
the index of refraction for all the elsctrons was greatly reduced. The
absorption or emission occurs in a greatly broadened frequency interval and
diminished line height.

Unfortunately, the only generally available account of Trubnikov and
Kuflryavtsev's work is rather skimpy in detail of just how the broad distri-
bution of emission with frequency was obtained from an integral over velocity
space, To better understand the Russian work I have decided not to attempt
to summarize my own lengthy calculation in a fifteen-minute paper, but instead
to start off by computing the emission spectrum directly. There are two inde-
pendent sources of line broadening, one due to the collision frequency of the
electrons with the ions and other electrons and the second due to the relativ-
istic change in resomant frequency. These two line profiles must be folded
together, The relativistic spread in non-relativistic approximation is assumed
to be given by a Maxwell-Boltzmann distributicn in velocity space. For radia-
tion perpendicular to the magnetic field (also in the case of a mirror machine
with small field gradient along the field) the electron velocity camponent
perpendicular to the field is of interest

2, Aﬂdc) l/
/V(V)a/l/ ,,%%‘@XF 24T CF d%—c%r (1)

EN

The frequency shift of @, (eH/moc% is due to the relativistic change in mass
of the electron, i, e., A“’o/“’o = v2/c,

For radiation parallel to the magnetic field taken to be along the Z axis,
when large electron velocities parallel to the magnetic field occur, the
Doppler shift Aw,/w, + v,/c is of interest.

. 2 ' A 2 VZ‘ /
M)A, = N, D%_ exp—g”j’%%b 2 ]%(Zz) (2)

Particularly in a magnetic mirror geometry and in any geometry for fre-
quencies above the fundamental frequency Eq. 1 is of primary interest. The
resultant line profile is akin to a Voigt profile:

met (xofmeriad)de
(w)mlo ’7’ 0 28T 0(%"/0%’7‘)‘2* 7/;001

where I is the total intensity emitted by a s:mgle electron and the reson-
ant freguency is given by w, (1 - x), where x is Vp /c . Por Z/cz/aao <<
Zl(r/moc and co> o this integral is essent:.a.lly zZero r plasmas of 1aboratory
dimensions; but if w<Cw, the integral is (w/2Z25;) e~ moc }akT) (1 - ©/wg)
and Eq. 3 becomes

o Ml o
T@o)~Z, N, 47 S*P~ .,z,/ﬂ (/ )] (@)
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That is, the emission at frequency o is that due to the number of electrons
radiating at a resomant frequency equal to w. The emission and therefore the
absorption is thus a very slowly varying function of the frequency compared to
what it would be if there were no relativistic broadening. Since the absorp-
tion coefficient is a slowly varying function of frequency the Kramers-Kronig
dispersion relation between the index of refraction and the absorption coeffi-
cient tells us that the index of refraction is very mich closer to unity than
it would be if the relativistic effects were not included. Thus, the change
ip refractive index at any point within the plasma is too gradual to result in
a "shiny" highly reflective plasma. Therefore, we may compute the plasma
emission by merely integrating Eq. 4 over the thickness of the plasma; if the

" result exceeds emission from a black body surface, however, the latter emission
is predicted, As a result, we would expect fundamental cyclotron emission from
a plasma with the brightness of a black body surface over a band width of

Wam/@ﬁéﬁﬂ%cﬂ/@%egé W< Uy gy (5)

where ©g min and @y gay are given by the minimum and maximum field strengths
respectively and L is the plasma length times a coefficient roughly equal to
(moc2/2kT) . (ezNo/momZ), where e is the electronic charge.

So much for the fundamental emission. Schwinger2 has evaluated the emis-
sion of harmonics of the fundamental cyclotron frequency of individual electrons
as a function of electron velocity and angle, &, of the emitted radiation to
the plane perpendicular to the magnetic field, For v2 < <& ¢2 the emission of
the harmonic frequency rwy(r>1) compared with the fundamental frequency (r = 1)
is given by

S, (O~ [{ew it fcoo éﬂ 72(/2%"77:7 L

similar to the derivation of Eq. 4 we obtain

. eaadl
. hc s w Y G ffeoos]
fJZTQQQ )z;/V;<?§?§%%%f) ;2;/41 ﬁz. Zé;;;j;:7' ’;2/ ’;] (7)

s Cxp- [ncépr)fei-wd o)

< T NN% exp—[mei e
. (8)

2. J. S. Schwinger, Phys. Rev. 75 1912 (1949)
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when integrated over 8 and summed over r. Note that instead of the usual
I(w)dw we would have I(w)dw/w. Compared with the fundamental emission the
harmonics are suffocated by the factor [{ (r202 = w2) / 3P J] .Lcos2 ?}](r - ])

For plasmas of 10-100 cms in diameter the emission is an appreciable
fraction of black-body emission for frequencies only a few multiples of the
fundamental frequency. The emission decreases rapidly with increasing fre-
quency. For plasma conditions N, = 1014, H = 5,000 gauss, kT = 50 kev, the
emission for w = 10w, is less than 104 L of a black body where L is the
plasma diameter. Since the emission depends only linearly on N, while the
power production in a Sherwood device depends quadratically on N, the relative
importance of the two processes depends linearly on N,, higher densities de-
creasing the relative importance of the cyclotron emission. As Trubnikov and
Kudryavtsev have observed only the high energy tail of the Maxwell-Boltzmann
electron distribution is affected by energy losses due to cyclotron emission.
The energy loss is further reduced by the reflectivity of the walls and field
windings, The energy loss compared to a black body freely radiating in the
absence of radiation reflectors is given by A(1 - R) / (1 - R + RA) where A
and R are the plasma absorptivity and wall reflectivity respectively. Thus
compared to a black body the energy loss is ~~/1 - R if A>>1 - R and is
~ A [1-4/01-R)f ifa<1-R

%%  CHATRMAN HARRIS: The floor is open for discussion.

DR, POST: T have a series of short remarks to make in response not only
to the paper but to Jim Tuck's remarks, and may I treat them as a series of
questions falling back from the approximation to the X. First let us suppose
that you are wrong and the Russian calculation is totally right. The Russian
calculation shows, as we all know, that the radiation in the fundamental cyclo-
tron frequency is totally innocuous and it is the harmonics that are important.
Furthermore, it simply points up, as we know, that the relativistic effects
here are dominant; that it really illustrates it is the high energy electron
irradiation that produces the majority of the radiation. So the question of
whether these high energy electrons exist in the system and their rate of
energy transport to them is important.

There is at least one case, and I have to cite our own. In the tensor
mirror machine there are good reasons to believe that the high enmergy tail is,
in fact, missing, the reason being that one cannot find electrons above a
certain potential, which is the plasma potential, and these electrons are just
the ones that we radiate. So if one puts any reasonable gas in the plasma po-
tential he finds this effect is very small, Suppose I am wrong and the effect
is large, is it, indeed, an effect that will lead to the net escape of energy.
Here we can fall back on evidence from the theory of metals and the behavior of
motals up to the short infrared, and find that any reasonmable disposition of a
surrounding conductance shell would reduce this radiation by at least two
orders of magnitude, even if it existed.

Thirdly, I think there is real reason to suspicion (and there are several
cases for this) that the electron temperatures in many of these devices may be
a good deal lower than we have in the past assumed and the radiation for this
reason alone becomes totally innccuous. So I quite agree with you that one can
take one of the worst assumptions and it appears that the situation is very bad.
However, I think there are many reasons for believing that these assumptions
are not valid.

DR. BEARD: With reference to the conductance requirement, I don®*t know if

you know I was at Livermore, spending the afternoon with Chuck Wharton., We ex-
plored this reflection business and what I have reported on is just the emission
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: ¢rom the surface of the plasma. As mentioned in the report, emission from a
plasma surrounded by highly reflecting walls is very much enhanced over the
emission from a2 bare plasma surface,

Dk. POST: I mean, you build up the energy of the fundamental density out-
side but you calculate the energy transported through that, and this is very low.

DR. ROSENBLUTH: I would like to make a comment., I have done essentially
the same sort of calculation as Beard has, mamely, to calculate the absorption
of the plane wave in the plasma.

Now the situation is slightly more complicated because if you calculate
the complete dispersion equation you find that there is a condition for the
plasm radiation being the same as the single particle radiation. It is a very
weak condition; namely, that the frequency of the emitted radiation that we are
considering has been well above the plasm2 frequency, and this is the condition
+hat is in general well satisfied. But if that condition is satisfied then the
standard technics for calculating the absorption coefficient done the proper
way give the exact same results as you get from the emission calculation by

detailed balance,

I think there is one mistake that the Russians made; namely, they took
only the propagation constant perpendicular to the magnetic field. In fact,
the propagation coefficient is a strong function of the angle with the magne-
tic field; so that you really do not fill up the black-body distribution to the
frequency which they mention but only in a narrow cone around the distribution.
Numerical estimates would indicate that cases of interest may be a factor of 10
or 20 in radiation. I mean my feeling is that the Russian calculation is
basically correct, although there is-this factor of 10 or 20 down which is an
important factor.

Then I furthermore agree with Dick in that I think essentially when you
consider the effects of weflecting walls, the effect is by no means disastrous
to thermonuclear machines.

DR, BEENSTEIN: I do a similar calculation and I agree substantially with
Marshall, If you look at the coherent response of the plasma, the wave perpen-
dicular to the magnetic field, you see that it is essentially transparent to
radiation; so therefore any fluctuation to give radiation in this direction is
a mistake and this substantiates the Russian claim. As Marshall contends, this
serves only to cut the total emission down by a number, say, of no more than 20
or 30, and then there is conal emission.
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PAPER 6

RADTAL OSCILLATIONS OF CYLINDRICAL
PLASMA CONFINED BY AXTAIL, MAGNETIC FIELDS

J. B, Taylor
Atomic Weapons Research Establishment,
Aldermaston, Berks,, England

Abstract

Radial oscillations of a cylindrical plasma, conf'ined by
an axial megnetic field have recently been observed (3),
(4)s 1In this paper these oscillations are discussed on
the basis of the magneto-hydrodynemic equations. The
effect of the proximity of a conducting wall and of
differing mass distributions within the plasme are con-
sidered. It is found that the frequency is insensitive
to these factors and depends only on the mass of plasma
and the confining magnetic field, These oscilletions
should therefore provide a useful measure of the mass of
gas swept up in a fast pinch device,

Introduction

In fast-pinch devices, whether produced by axial or azimuthal
currents, the compressed plasme naturally does not come immediately
to rest in its equilibrium position but undergoes a series of radial
oscillations about a mean position which may itself be changing
slowly with time, In the case of the z-pinch, in which the current
is axial, these oscillations have been noted by Tuck (1).

Recently much interest has been shown in devices producing pinches
by axial megnetic fields such as Scylla (2), Thetatron (3) and the
apparatus used by Kolb (4). Niblett, using the Thetatron, and Kolb
have observed radial oscillations in their experiments, and in view of

i1, J, L, Tuck - Geneva II, p. 1860,

2. W.C. Elmore; E.M. Little; W.E. Quinn - Geneva II, p. 356.
Je GoB.F'. Niblett - to be published.

4, A.C. Kolb - Geneva II, p. 345.

26



.. this it is interesting to discuss these oscillations in terms of con-
‘yentional magneto-hydrodynamics., As a model for this system we consider
a cylinder of perfectly conducting plasma of radius r confined within

a concentric cylindricel conductor of radius R carrying an azimuthal
current. The magnetic field is parallel to the axis. The type of

oscillation in which we are interested is distinguished by the fact

that it involves only radial motion. In the terminology of instability
studies it corresponds tom =0 k = o.

We take the magnetic field to be purely axial and the motion purely
radial, then the electrical field is azimuthal, Using the conventional
equations of magneto-hydrodynamics the equation for small oscillations
about 2 mean position of equilibrium can be derived along with approp-
riste boundery conditions, Analytic solutions can be obtained for
‘certain idealised situations including the following:

Uniform Plasma

An elementary situation is that in which the density, pressure and
field are uniform within the plasma, i.e., the plasma is confined by
surface currents. In this case the sngular frequency of oscillation
can be expressed as

2
w = g (x) ’*H?ﬁ (1 +98)

where B is the confining magnetic field, M the mass of plasma per unit
length and

_ \ g
5 - (35-1)_;55

The quantity & will generally be very much less than unity since for repid
radial motions the plasma has an effective y near two, and the other factor
is always less than unity.

The parameter x is comnected with the pinch ratio R/r by

y 1/}(5(1;8)('13'2’ _1)
r

Values of g(x) are given in Teble I.

N

1/x 0 .625 1.5 7.5 ®

g(x) | 3,832 | 2,874 | 2.645 | 2,458 2,405

. It will be seen that the meximum effect which the wall can have is to

. Change the frequency by a factor 1.6, The influence of the gas pressure

- term, represented by 8, will be small, so that the frequency can, for
Practical purposes, be expressed in terms of the vacuum magnetic field,
. Which is determined by the external current, and the mass of plasma per
unit length of the discharge,
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Non-uniform densitv,

Under the experimental conditions which are envisaged the plasma
will initially have a greater density near its surface, having been
swept up to some extent by the "snowplough" effect produced by the
impleoding current sheath and we would like to examine configurations
which have a density profile which increases with radius. This can be
done quite simply if we make the approximation that the adiabatic law
with y = 2, applies throughout the motion, [ This approximation should
be accurate as far as the oscillatory motion itself, for this involves
two degrees of freedom; it _will be less well satisfied for the
equilibrium configuration,

An analytic form of density profile which may represent the experimental
situation fairly well is

2s - 2
Po = ar s2 1.
then the angular frequency can be expressed
2
@ 2
Y= & LM
where A= R/r and g is given below
A. = 1 1025 1-5 2.0 l|..O Py

S = 1 3.83 3,16 2,87 2,64 2,46 2,40
2 | wah | 3.7 1277 | 249 |2.28 | 2.22
b | 5.56 | 3.22 273 |20 |28 | 2042
s «° 3.33 2,68 2,31 2,07 2.00

The effect of varying the distribution of mass is very smell indeed
if the discharge is reasonably well compressed,

The limiting case s = o corresponds to the mass being concentrated

in a thin cylindrical shell, a distribution which can be treated as a
problem in single particle dynamics, and for which

Ji—z—fﬁﬁz

(7]

Large Oscillations

Some guidance on the effect of finite amplitude can be gieaned from
a study of the specially simple, but probably quite realistic, case of
the plasma being confined in a thin shell,

In discussing large amplitude oscillation the mean position and the

equiiibrium no longer coincide so that equilibrium is not a convenilent
reference point, Instead it is convenient to use the maXinmum and minimum
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radii which the shell achieves in its oscillation denoted by r2 and r1
respectively,

The equation of motion for the shell is soluble in tems of elliptic
integrals and the frequency of oscillation can be written

2 h(x,, x2) 52

= 3 1M

where h is tabuleted below and x = rl/R.

x4 0.2 Ouls 0.6 0,8
X
2
0.2 1,00 - - -
Ouk 1,033 | 1.0 - -
0.6 1.099 | 1.067 | 1.0 -
0.8 | 1.223 | 1,196 | 1,137 | 1.0
1.0 1.571 1,571 1.571 1.571

It will be seen that provided the amplitude of oscillation is such
that the maximum radius of the plasma is less than two-thirds that of
the containing conductor the freguency of large oscillations is negligibly
different from that of small oscillations,

Conclusions.

The frequency of oscillation of a cylindrical discharge confined by
axial magnetic fields has been calculated in some idealised configurations.,
Prom the results one can deduce that for a reasonably well pinched dis-
charge the frequency of oscillation is given by the characteristic
frequency

B2

M

multiplied by a factor which is insensitive to the ratio of plasma to
magnetic pressure, to the actual distribution of plasma mass and to the
amplitude of oscillation, We cen conclude therefore that a measurement

of' this frequency allied to that of the confining field (which are about
the simplest measurement one makes on a plasma device) form a good method
of assessing the mass of gas which is swept up int? the plasma end involved
in the oscillation, It would, however, be very dirficult to deduce

temperature, the ratio of plasma to magnetic pressure, or the distribution
of plasma density.
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PAPER 7

HYDROMAGNETIC ENERGY TRANSPORT IN IXION

W. B. Riesenfeld¥
Los Alamos Scientific Laboratory

Abstract

The transport of energy by hydromagnetic waves is calculated, with view
toward application to the heating process of the Los Alamos rotating plasma
mirror device.

An understanding of the mechenism of conversion of ordered drift motion
energy into random thermal energy is of great interest in analyzing the
behavior of devices like Ixion, the rotating plasma machine at Los Alamos.
Here magnetic probe studies of the diamagretic response seem to show that
the original azimuthal drift mode of motion is transformed into a state which
consists of a shell of thermal or turbulent motion located roughly halfway
between the centerline and the outer electrode., The entire sequence of
events occupies a relatively long time (of the order of a hundred microseconds)
and the relative drift velocity of ions and electrons in the initial state is
small. A plausible agency for effecting the energy transfer would be hydro-
magnetic waves, experimentally known to be excited in similar geometries.
Mechanisms for the resonant damping of such waves, such as T. Stix's ion
cyclotron heating process,2 are likewise known and might account for the
appearance of the observed final state.

As a first step in determining whether such a picture makes sense, the
generation, structure; and energy transport of the appropriate hydromagnetic
modes was examined. Using reasonable boundary conditions, one can then
obtain cylindrical standing waves corresponding to the Ixion geometry, with
fairly well defined shells of high energy density. To avoid complication,
the motion of the plasma associated with the wave was treated by means of
linearized Boltzmann equations, leading to the hydrodynamic approximation
plus an equation of state, and the conductivity and viscosity of the fluid

Work performed under the auspices of the U. S. Atomic Energy Commission.

1. K. Boyer et al, Proceedings of the Second United Nations International
Conference on the Peaceful Uses of Atomic Energy, p/2383, 31, 319 (1959).

2. T. H. Stix, Proceedings of the Second United Nations International
Conference on the Peaceful Uses of Atomic Energy, p/36l, 31, 125 (1959).
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were taken as empirical parameters. Dispersion relations for the three
principal modes of propagation were obtained as well as their detailed
polarization structure, and energy density distributions were calculated.
The energy distributions for standing waves (corresponding to the modes
commonly referred to as A = 2, 3 magnetoacoustic modes) were found to be
based on expressions in agreement with independent Russian results (see
for example the work of Akhiezer and Sitenko’). The detailed results on
the cyclotron heating rates in ce¢ylindrical shells and a comparison with
experimental data will be presented in a subsequent paper.

3. A. J. Akhiezer and A. G. Sitenko, JETP 35, 116 (1958).
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PAPER 8

WAVES IN A PLASMA¥
W. P. Allis

Department of Physics and Research Laboratory of Electrcnies
Massachusetts Institute of Technology
Cambridge, Massachusetts

Many papers that consider the effects cf terminal
motions, finite Larmor radius, e¢ollisions, and so forth
on the propagation of plane waves through a plasma in the
presence of a magnetic field have recently appeared.1"4
The necessary mathematlics obscures the origin of many of
the predicted phenomena, and as these also depend ¢ritically
on the range of frequency, plasma density, and the magnetic
field that 1s considered, it has seemed worth while to view
the complete range of these last three variables in the
simple limit in which there are: (a) no depsity gradients;
(b) no collisions; and (¢) nc thermal motions. The thermal
motions affect mainly the slow waves whose phase velocity
is comparable to the thermal motions. For thils reason,

among others, we shall be partlcecularly interested to note

the conditions under which slow waves exist.

*This work was supported in part by the Atomlic Energy
Commisslon; and in part by the U.S. Army (Signal Corps), the
U.S. Alr PForce (Office of Scientific Research, Air Research
and Development Command)}, and the U.S. Navy (Office of Naval
Research).
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Under these restrictions, the mobllity of an electron
or lon in a magnetic field 1s a tensor quantity5 that 1s
particularly simple when it is expressed ln components of
the electric field which are either parallel (up) or
rotating about the magnetic field 1n a right-handed (ur)
or left-handed (ge) direction. In terms of the mobility

tensor, we obtain the plasma conductivity,

§ % naf, (1)

by summing over the specles of charged particles, and hence

the effectlive dlelectric coeffliclent

Kp JKy 0
K= |-J& K 0| =1+ (2)
Jo o
0 0 Kp
where
XKp = K, + Kp

(3)

Ky = K, - KL

The tensor (Eq. 2) 1s written in Cartesian, nonrotating
coordinates. Kp and KT are the components parallel and
transverse to the magnetic field, and KH 1s the component
that gives the Hall effect. The last two components are
given 1n terms of the rotating components by Egs. 3.

For the particular case of a collisionless, cold, three-
component (ions, electrons, and neutral molecules) gas the

components of the dielectric tensor are

2

Kp =1 -

K, =1 - a?/(1 + B, (1 -B.) (%)
K =1-a?/(1 -p)(1+p)
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They are expressed simply in terms of the ratios

C2
mm
w 0 T4+ -
(5)
B by _ _eB
+ m miw
where 02 1s a measure of the plasma density n, ﬁ+ of the

applied magnetic fleld B, and a, B+, B_ all vary inversely
wlth the circular frequency w of the electriec fleld.
We now study plane waves by assumlng that all quantities

are proportional to

exp jo(t - - T/c) (6)

where N 1s a vector normal to the wave whose magnlitude n 1is
the index of refraetion for this direction of propagation.

There should be no confusion in the use of the same letter

in formula 5 because the plasma density will only appear

implicitly in the symbol a. The phase velocity 1s

- _ch
== (7)

n2
Substituting expression 6 in Maxweli's equatlons, we

obtain

- <™

Ax(AxBE)+K-E=0 (8)

6

This equation, among others, has been considered by Astrom.
To obtain solutions, the determinant of its coeffilclents
must vanish, and thls gives the dlspersion equatlion for the
index of refraction n. This equation would, in general,

be bi-cubic but, because the temperature has been neglected,
the sixth degree terms cancel and we have the bi-quadratic

equation
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Anh - Bn2 + C

(i}
@]

(9)

with

A= KT sin2 0+ Kp cos2 e

B 2 2
B =KK, sin® 6 + KpKT(l + cos“ 9)
C = ILPKI'K,L

whose discriminant is

4

2 o+ (KK, - KPKT)2 cos’ ©  (10)

- g2 2

D P

2
KH sin

Here © is the angle between the wave normal n and the applied
magnetic field B.
Because colllsions have been neglected, the discrimi-

nant D2 1s always positive. Therefore n2

1s always real,
and n either real or pure lmaginary. This sharp distinction
between conditlons of propagation or.attenuation exlists in
virtue of assumptions (a), (b), and (c).

The solutions of Eq. 9 are the indices of refraction

(B2 D)"/*

7y (11)

associated with the two polarizations, but 1t is easler to
understand the solutions of Eq. 9 if it is solved for the
direction of propagation, ©, in terms of the index n:

tan @ = - e (n2 _ Kr)(ne i Kﬂ) (12)

(n2 - Kp)(KTn2 - erl)

In this form it 1s clear that for propagation along the

magnetic field (©=0) there are two waves

2
n, = Kr
. (13)
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that may be either propagated or attenuated according to

the signs of Kr and K and the subscripts on the dlelectric

L’
components indicate that they are right and left eclrcularly
polarized.

Similarly, for propagation at right angles across the
