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I’s kinetic solvers

Vlasov-Maxwell:

9 -

a];s | VZ'afs:C[fs] S, a=(v,qs(E+v xB)/my)

See — P3.007 A. Hakim —p P3.012 J. Juno
—» P3.011 V. Skoutnev —» P3.013 J. TenBarge

Long wave length full-f gyrokinetics: collision term
-V - JRfs 4 TJU)|fs = + J S
at Bv”

See —p P3.006 T. Bernard —» P3.007 A. Hakim

—» P3.008 N. Mandell —» P3.010 G. Hammett
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ollisions

Recall the (Rosenbluth) Fokker-Planck operator:
0 1 0?

C[fs] = _({9%' (<sz>3 fs) T 5 (<AUiAij>S fS)

2 (%z-vj

For now consider the Dougherty limit

<Avi>s — _Vss — Ug 7, Z Vsr — Usgr, z

r#s
<Av7;Aij>S — 27/35?1152,35@ + Z 2V8rvf,sr57;j
rs
The operator remains nonlinear and full-f given that (in 1D)
Mosus = My ©
Mowv? = Myy — Myt where  Mjs = /_Oov fs(x,v,t)dv

Usr and v; ,, defined later.
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ave an H-theorem

Dougherty like-particle collisions conserve particles, momentum and energy.

Momentum conservation, for example, follows from (assume vgs # v45(v))

@) ©.@) a S
/ vC|fs] = / VssU [(v — Us) fs —I—fUtZ’S 88]; ] dv,

— 0 — o0

— OO

= {I/SS’U [(’U—US) f8+vt2,s%] _Vssvf,sfs} _/ Vss (U_U’S)fsdva

— —UVgg (Mls — uSMOS) =0

One can also show that this (self-collisions) operator is self-adjoint and has an

H-theorem?:

oS
— >0 where § is the entropy.

ot —

THakim, Francisquez, Juno, Hammett (2019), Conservative Discontinuous Galerkin
Schemes for Nonlinear Fokker-Planck Collision Operators. arXiv:1903.08062.
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https://arxiv.org/abs/1903.08062

ollisions exist

0 s
Clfs, fr] = VST% (v — Ugr) fs + V7 of

t,sr 8?) )

® Ugyr = [m’rnr/ (msns)] U, used to study universal instability?.
Ut,sr — Ut,s

* Usr = [Vrsmy-/ (Vsrmys)] us used to study ion acoustic wavess.
Ut,sr — Ut,s

* Usr = Us used to study drift waves with varying collisionality4.
Ut,sr — Ut,s
* Ue; = Uy used in simulations of LAPD and NSTX5.
2 2 2
vt,ei — Ut,e + (u’& o ue)
20ng, et. al. PoP 4 (1970). 4Jorge, et. al. PRL 121 (2018).
30ng, et. al. PoP 7 (1973). 5Pan, et. al. PoP 25 (2018).
Shi, et. al. PoP 26 (2019). W
= = é&
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for BGK operator

Greenef combined conservation with momentum and energy relaxation rates’ (for

distributions near Maxwellians) for the operator C'|fs, f.| = Vsr (far.sr — fs)

The cross-species thermal speed, for example, is

(1 + B)z mg — Me
12 m; + me

o 1
vt,ie -

6 (ue o ,U"L')2

1 — 2
M + Mg [me (’UtQ,e + ’UtQ,Z-) + 6 (mevf,e — mith,e) + 5 M (ue . U@)2] _

B > —1 is arbitrary.

Note that at 0 = 1 and large relative flows, negative cross-temperature is

possible.

6Greene, Phys. Fluids 16 (1973).
"Morse, Phys. Fluids 6 (1963).
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2
37 ; uS’I" & Ut,sr

_ o0 9, o Ofs
Z/_wmsvusr% [(v—usr)ijLvtsra ] dv =20

conservation rs
9, Ofs
i Z/ —msv VST@ [(v—usr)fs—I—UtST(9 ]dv:O
r;és

amles msysrés (1 =+ 5) (MlT — MlS)
relaxation rates — 51 . 1+ 8
for near-Maxwellians msv Mo = 5 o7 Oq Mo [mrvz — mSUQ m, (U, — Ug 2]
( ) 8_1: t S 0 mS —|— mr 2 0 t,'r t,S —I_ ( )
2 MyNylpg
B>-1 0= MsNsVsy

2

2
t,S,r., urrs and Ut),r.s-

This is a linear system for the unknowns Ug¢,., v

"Morse, Phys. Fluids 6 (1963).
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es’ = u, & v},

For the Dougherty operator these cross-velocities and cross-temperatures are

1+ 05
Ugr — Us — 58T (us — u'r)
0 1+ Mg
th,sr — vtz,s + 21 e fnés Ut2,7° R m Ut2,s T (uS o U’"‘)Z

2 . . . :
As (us — u,-)” increases, there is no risk of negative temperature (compare

with BGK case on slide 6)

"Morse, Phys. Fluids 6 (1963).
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conservative

With this choice of u,- and fut2 <, the operator

5, , Of,

C[fsa fr] — Vsr (U — usr) Is + Ut sr

Ov ov |’

IS conservative by construction.

Interested in 0 f ? the linearized form of this operator is also conservative
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erty

0
C[fs, f’r] — Vsr 5 {(U — usr) Js + Utz,sr

Ofs
6‘1}}’

T /\K’ F,

One can show the entropy S satisfies

ov

0S o Vgr ~ 1 2
E—Z:Uasr —OOE [FST_FST.(U_UST)JES} dv
r#£s

Although we have not shown this is in general > 0, we can prove:

e S>0if Is.» are Maxwellian.
Us = Uy, 58:17 /Bél

Vgr > "
o — Z 5 / Fsr ‘ (’U - usr) d’U Z 0 fOr arbltl’ary fS,’I" When

S vt,s'r
7 T, =T,., 3<0 and
a range of 0.
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ses 3 key methods

A Piecewise Linear Function

N

0

Seek discrete solutions with the modal representation
fh:me Ih |
e.g. for 1x2v, piecewise linear | &

0.0

3 (1
Yy € \/g{ﬁ,x,vx,vy, V320, \/§xvy, \/§vxvy,3xvxvy}

1. Weak equalities: In the interval 1, weak equality of two functions is defined as

f=g <= [U-gud=0
e.g. given M, M, compute the flow velocity via uMy = M,

— Zum/Mo%wm dr — /Ml¢k dr Invert this Iinear. system to get
— I I the u,,, expansion coefficients.

THakim, Francisquez, Juno, Hammett (2019), Conservative Discontinuous Galerkin

Schemes for Nonlinear Fokker-Planck Collision Operators. arXiv:1903.08062. 6 m
/|
L
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https://arxiv.org/abs/1903.08062

uses 3 key methods

2. Recovery DG: After 2 integrations by parts our scheme is

(‘) Lit1/2 a a Vjt1/2
/ wkﬁ dzdv = / Vi | (v —u) fr +vi—=" fn — ﬁvt I dzx
Q; ; ot Ti_1/2 dv v Vji_1/2

Need derivatives of f, at cell boundaries, but f3 is discontinuous there.
Consider two adjacent cells

Given adjacent solutions, /& and fr, of

Cell j Cell j+1
E order p, construct the recovery polynomial
§ Rl f=fe
= [=> fmx™ with :
£ “— f=1rr
=2
é

which is continuous at cell boundaries. It can

fr fr

Coordinate v

E. Shi, PhD thesis 2017.

be replaced for f in the discrete %cheme
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uses 3 key methods

3. Boundary corrections: In a finite velocity space, momentum conservation is

seen by setting ¥ = v In our discrete scheme and summing over all the cells:

Tit1/2 (9f X Vj+1/2
Z/ v—dxdv—Z/ v—u)fh—i—vta — v fy dx—Z/ (v —u) fpdrdv
’l)j 1/2 1,7 ©J

Li—1/2
\ —

\> use a continuous-across-cells
form of this flux and zero-flux BC.

i+1/2 Umax
Z/ ( —fvtfh} d:):—M1—|—uM0>dx:O

(%
Ti_1/2 min

Incorporating energy conservation reveals one must compute © & vf via

9 £ | Vmex - . .
{vt fh} + My —ulMp =0 a linear system inverted

. Y Vmax in every cell.
{v’vffh} + My — uMy — v; My =0

VUmin

e ) ) PPPL
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t discrete conservation

1X3V loss cone relaxation with piecewise linear basis and 16x322 cells.

10—11 :
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Number, momentum and energy density
errors are machine precision.
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conservationt

1/(27)0) ‘U‘ < Vg

with 16 (piecewise linear)
0 | > vg

1X1V uniform distribution f(z,v) = {

or 8 (piecewise quadratic) cells.

le—13 AM2/M;(0) entropy change as/s(o)
0.00- 0.06.

—0.251 0.05 -
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tv tv

Energy density errors remain machine precision, and entropy
monotonically increases. This is also true for piecewise linear basis!

"Hakim, Francisquez, Juno, Hammett (2019), Conservative Discontinuous Galerkin

Schemes for Nonlinear Fokker-Planck Collision Operators. arXiv:1903.08062. % m
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ith analytics

Here we show Landau damping of a Langmuir wave initialized with

1
2 2
ful,0,0) = ——— exp [—v?/ (202)] [1 + acos (k)]
\/ 2TV5,

5 1076
ko] @ v
g @) 2 0.150 -
W 10784 3 (b)
5 oot 1 i > 0.125 A )
@ : : ) — X — v
& o]t LHITAR | 'l s R ERARR % 0.100 - \ o= © ~0.033In(g5)
N o) .::Sf::j I 4 A|l —
k. ST TE LN AN "f' AT Y 0.075 -
& 1072 {IH i !m:""'\"f‘.' ‘ 3
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Scaling of damping rate with collisionality follows analytic theorys.

—» see P3.013 J. TenBarge: magnetic pumping benchmark.

8Anderson, PoP 14 (2007).
THakim, Francisquez, Juno, Hammett (2019), Conservative Discontinuous Galerkin

Schemes for Nonlinear Fokker-Planck Collision Operators. arXiv:1903.08062. é) | m
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s similar subtleties

. : : : 2
In finite velocity space there is no closed form solution for s, Vi 4.

One must include velocity boundary corrections and invert the linear system

2 Ve,
meVeiMOeuei — MelVeiUte; {fe} emas

Ve, min

Vi,max

2 .
+miVie Moitiie — MiVieVsie { fi} = MeVei Mie + mivie My;.

Vi min

Ve, max 2
meyeiMleuei + Mele; (deOe - {Ufe} ) Vted

Ve, min

Vi, 2 .
+mVie M1iUie + M Vie (deOi —{vfi},) maw) Vise = MelVeiMoe + mivie Mo;.

Vi min

2 Ve,
meVeiMOeuez' — MelVeiUte; {fe} e

Ve, min

—MiVie Moitic + MiVieV2s, {fi 00 = move; Mie — milVieMi; — Meveide (1 + B) (Mye — My;)

Vi min

Melej (Mle - ueMOe) Uej + MelVej (deOe — {(’U — ue) fe}ve’max) thei

Ve, min

— mVie (M1; — u; Moi) Wie i — MiVie (deOz' —{(v —u;) fz'}m’mam> Ufie

Vi,min
— Mele; (Mge — UeMle> — MyVie (MQl o /U”LMlz)

1+ 1
— MeVeiOe oy—s ie [me (Msoe — ueMie) — my (Mo — u; My;) + 5 (me — my) (e — u;) (Mie — Mlz)]

] p—] e
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O species remains conservative

AM1/M;(t =0)

0.4
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e Conservative implementation of self-species and multi-species collisions with a

Dougherty operator is accomplished in Gkeyll’s discontinuous Galerkin scheme.

e A suite of weak equalities, recovery DG, and boundary corrections needed to

achieve desired properties.

e Benchmarks and comparison with analytic theory show a satisfactory

implementation of self-species collisions.

* Work is ongoing further exploring the H-theorem and physical properties of the

multi-species Dougherty collision operator.
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