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Introduction

§ Lorentz forces are a key coil engineering 
design parameter for magnetic 
confinement fusion reactors

§ Lorentz forces are generally evaluated 
slowly with finite element analysis codes

§ It is desirable to evaluate the forces rapidly 
to facilitate integration with physics design

§ A simple filemantary approximation for 
𝑑𝑭/𝑑ℓ with the Biot-Savart law fails as the 
result diverges logarithmically

Reduced Model Derivation

§ Construct a quasi-cylindrical coordinate 
system from the coil center-line, 𝒓!, and the 
Frenet-Serret unit vectors, 𝒆", 𝒆#, 𝒆$ ,
𝒓 𝑠, 𝜃, 𝜙 = 𝒓! + 𝑠 cos 𝜃 𝒆" + 𝑠 sin 𝜃 𝒆#

( 𝒆! = 𝒓"# / 𝒓"# , 𝒆$ = 𝒆!# / 𝒆!# , 𝒆% = 𝒆!×𝒆$	)

§ Assume uniform current density and a circular 
cross-section

§ Express the magnetic vector potential and 
Lorentz force in the system,
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§ Assume 𝑎/ℒ ≪ 1, where ℒ is a length scale of 
𝒓! (e.g., 𝒓!0 , 𝜅1")

§ Partition the integral over 0𝜙 in 𝑨(𝒓) into two 
sections about 𝜙-, where 𝑎/ℒ ≪ 𝜙- ≪ 1
§ The near region ( 𝜙 −	 0𝜙 < 𝜙-) satisfies 

Δ𝜙 ≪ 1
§ The far region ( 𝜙 −	 0𝜙 > 𝜙-) satisfies 
𝑎/|Δ𝒓| ≪ 1

§ Solve for 𝑨 𝒓  and simplify under these 
assumptions

§ Posit a regularized form of the magnetic field, 
𝑩234, then calculate 𝑩 = ∇×𝑨 and 𝑑𝑭/𝑑ℓ 
explicitly and compare to 𝑩234

Reduced Model Results
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Force Optimization Objective

§ Optimized coils for the Landreman-Paul quasi-
axisymmetric configuration, 𝑁67 = 2

§ Objective function penalizes
§ quadratic flux
§ Lorentz force
§ coil lengths

§ coil-coil distance
§ coil-surface distance

Force Optimization Results

§ arc length variance
§ curvature 
§ mean-squared curvature

∼10,000x faster than exact computations! 
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