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Even what is called electrostatic microturbulence produces a plasma-beta-dependent turbulent
magnetic field B̃, which makes the magnetic field lines chaotic. Quasi-neutrality along the chaotic
magnetic field lines requires a potential that obeys B⃗·∇⃗Φ = B⃗·∇⃗pe, where pe is the electron pressure.
This potential produces radial transport similar to that of diffusion coefficient Def = (∆/aT )Te/eB.
∆ is the radial distance over which the potential Φ is correlated by the electron motion along the
chaotic magnetic field, and |dTe/dr| = Te/aT . The chaos-produced electron transport gives an
effective viscosity on the electron flow, which can counter balance a non-ambipolar part of the ion
radial particle diffusion fna. This non-ambipolarity would otherwise require a radial electric field
that confines ions and hence impurities. The maximum fna that can be counterbalanced and the
required plasma beta to avoid shielding the magnetic perturbations B̃ are calculated.

I. INTRODUCTION

Nevins, Wang, and Candy [1], Connor, Hastie,
and Zocco [2], and Terry et al [3] have discussed mag-
netic surface breakup produced by what are called
electrostatic instabilities, primarily the ion temper-
ature gradient (ITG) instability. The focus has been
on the enhancement of the electron heat transport,
which is not large when the plasma β ≡ 2µ0p/B

2 is
small.
An effect that can arise before the electron

heat transport is appreciable is a modification of
the radial electric field required to preserve quasi-
neutrality in stellarators. This modification is
of great practical importance because neoclassical
transport in stellarators usually gives more rapid
ion than electron transport, which requires an elec-
tric field that confines ions—particularly high charge
state impurities. A large expulsion of impurities in
W7-X experiments was found [4] when the microtur-
bulent transport exceeded the expected neoclassical,
which requires an explanation.
Helander and Simakov [5] discussed the lack of

effect of electrostatic microturbulence on the large
scale radial electric field. The turbulent Reynolds
stress can produce short-scale zonal flows that tend
reduce the microturbulent transport. They did
not discuss the effect on electron transport of the
breaking of the magnetic surfaces by the turbu-
lence. Their arguments imply the non-ambipolar
radial transport of the ions is entirely due to neo-
classical, not turbulent, transport effects.
To simplify the statement of results, the fraction of

the radial ion transport that is non-ambipolar, fna
is defined relative to the typical gyro-Bohm radial
transport. In optimized stellarators, the gyro-Bohm
radial transport due to microturbulence is large com-
pared to the neoclassical radial transport, which im-
plies fna is small compared to unity.

The enhanced radial transport of electrons by tur-
bulence modifies the radial electric field, which im-
plies momentum transport. Unlike symmetry break-
ing by an external magnetic field, in which momen-
tum changes are balanced by forces on the coils,
non-ambipolarity produced by internal plasma tur-
bulence must be due a viscosity-like force. When the
radial scale of the turbulence is small, the form of
this force on the electron velocity is

F⃗v ≡ −∇⃗ × (ν∇⃗ × v⃗e), which satisfies (1)∫
F⃗vd

3x =

∮
(ν∇⃗ × v⃗e)× da⃗. (2)

The force exerted throughout a volume is transmit-
ted to the bounding surface with ν(x⃗, t) an effective
viscosity coefficient.

II. PERTURBED MAGNETIC FIELD DUE
TO MICROTURBULENCE

The effect of microturbulence on the magnetic
field is easier to understand when the velocity of
the magnetic field lines u⃗⊥ is distinguished from the
mass-flow velocity v⃗ of the plasma. The field-line
velocity can be defined using the representation of

an arbitrary vector E⃗ in terms of another arbitrary

vector B⃗, Equation (26) in [6],

E⃗ + u⃗⊥ × B⃗ = −∇⃗Φ+ Vℓ∇⃗
φ

2π
, (3)

which is a mathematical identity. This equation can
be inserted into Faraday’s Law to obtain an equation
with general validity,

∂B⃗

∂t
= ∇⃗ × (u⃗⊥ × B⃗) +

∇⃗Vℓ × ∇⃗φ
2π

. (4)

When the term (∇⃗Vℓ × ∇⃗φ)/2π involves second

derivatives of B⃗ with respect to position then it



2

is diffusive. This is the case when there is a term
ηj⃗ in the expression for the electric field. Equation
(4) is then an advective diffusion equation. When

∇⃗Vℓ = 0, the magnetic field line topology within the
plasma is preserved although an additive term to the
enclosed poloidal flux can evolve.
A slab-model, in which a constant magnetic field

Bz ẑ is subjected to a perturbation B̃xx̂, illustrates
the relationship between the magnetic field line ve-
locity ũxx̂ and the plasma velocity ṽxx̂+ ṽz ẑ. Equa-

tion (4), with an ideal perturbation, ∇⃗Vℓ = 0, im-

plies ∂tB̃x = Bz∂zũx, so ∂z∂tB̃x = Bz∂
2
z ũx. Am-

pere’s Law implies ∂zB̃x = µ0jy and force balance
gives jyBz = min∂tṽx, which leads to the equation

∂z∂tB̃x = µ0min
Bz

∂2t ṽx. Equating the two expressions

for ∂z∂tB̃x,

∂2ũx
∂z2

=
µ0min

B2
z

∂2ṽx
∂t2

(5)

=
1

V 2
A

∂2ṽx
∂t2

. (6)

When the phase velocity of ṽx along z equals the
Alfvén speed, ũx = ṽx, and the whole motion of the
plasma is due to the motion of the magnetic field
lines, which means an Alfvén wave. When the phase
velocity along z is approximately the ion thermal
speed Vi, then ũx = (V 2

i /V
2
A)ṽx. The ratio V

2
i /V

2
A ∼

β, and the magnetic field lines move little compared
to the plasma motion. Nevertheless, the velocity of
the magnetic field lines is turbulent and, therefore,
chaotic, which implies magnetic reconnection that
breaks the magnetic surfaces will quickly occur [7],
regardless of how small non-ideal effects represented
by the loop voltage may be.
When potential fluctuations Φ̃ have a phase veloc-

ity along the field lines ≈ Cs, there is cross magnetic
surface magnetic fluctuation

B̃

B
≈

(
Cs

VA

)2
eΦ̃

T
(7)

≈ β
eΦ̃

T
. (8)

Even an ideally but turbulently fluctuating ⃗̃B ·
∇⃗ψt:

1. Creates delta-function currents at resonant ra-
tional surfaces [8] , which quickly form islands.
Different island chains exert phase dependent
forces depending on their relative phase and
will lock together at sufficient magnitude.

2. Causes the distortion of flux tubes [7, 9], which
allows an arbitrarily small η/µ0 to mix lines
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available for reconnection had reconnected, the current density
quickly rose to a value inversely proportional to g, which they inter-
preted as the onset of true reconnection, but is also required to balance
the power input from the boundary conditions. Both timescales, the
time required for 30% reconnection and the time for the current den-
sity to rise to a value proportional to 1=g, are approximately an order
of magnitude longer than the characteristic evolution time, a/v,
defined by the boundary conditions—independent of g. Huang and
Bhattacharjee emphasized that the current density reaching a value
inversely proportional to g showed the irrelevance of chaos to recon-
nection in solar loops. Consequently, it is important to understand
mathematically what determines the time dependence of the current
density. This is done in Evolution of the current density, Appendix B,
and Current density increase in Huang and Bhattacharjee, Appendix
C, which are relatively long and more demanding mathematically.

Runaway electrons and the corona, Sec. V, asks whether a current
density as intense as jg ¼ vB=g in solar loops would have any observa-
tional implications. One such implication could be the corona itself.

Discussion, Sec. VI, points out that although the three aspects of a
magnetic evolution—topology, energy, and helicity—evolve similarly
in toroidal, space, and astrophysical plasmas, the topics of primary
research interest differ. Toroidal plasma physicists are focused on
magnetic surface breakup, while space and astrophysical physicist are
focused on energy transfer and may view changing magnetic field-line
connections of little interest. However, the change in field-line connec-
tions through chaos appears to be an essential element in a general
theory of the rapid transfer of energy.

II. DISENTANGLEMENT
The disentanglement of the evolution of magnetic topology,

energy, and helicity is achieved by the mathematical representation of
the vector~Eð~x; tÞ in terms of another vector~Bð~x; tÞ,

~E þ~u? %~B ¼ &~rUþ V‘
2p
~ru or (7)

¼ &~rUþ E~r‘: (8)

Equation (7) was derived by Boozer9 in 1981 for toroidal plasmas with
u, a toroidal angle, and V‘, a constant along magnetic field lines, the
loop voltage. Equation (8) is a generalization for non-toroidal plasmas
with E constant along magnetic field lines and with d‘ the differential
distance along a line. Both equations are mathematical statements that
are fundamentally distinct from Ohm’s law, which relates physical
quantities such as the plasma mass-flow velocity ~v and the plasma
resistivity g.

In the absence of field nulls, the validity of either Eq. (7) or (8) is
easily shown. The component of ~E along ~B is ~E '~B ¼ &~B ' ~rU
þðV‘=2pÞ~B ' ~ru. Locally, any~E '~B can be balanced by ~B ' ~rU, but
for a sufficiently well-behaved U, that ~r % ~rU ¼ 0 has no subtleties,
and the potential must be single-valued and finite. This constraint is
imposed by V‘ or E and may seem enigmatic. The mathematical
importance of E is clarified by the discussion associated with Eq. (10).
Since~B is non-zero in the region of interest, the term~u? %~B can bal-
ance the terms that are perpendicular to the magnetic field.

A magnetic line null can be broken into well separated point nulls
by an infinitesimal magnetic perturbation, so only point nulls are
physically relevant. In the presence of point nulls, the derivations of
Eqs. (7) and (8) can be carried though by excluding a small spherical
region about each point null. The potential U at each point null must
be chosen so

Þ
~j ' d~a ¼ 0 when integrated over the sphere surround-

ing the null. Charge cannot be allowed to accumulate at a point.

A. Magnetic topology evolution
In 1958, Bill Newcomb10 demonstrated that when ~E þ~u? %~B

¼ &~rU, magnetic field lines are transported by the flow~u?ð~x; tÞ and
do not change their topology. The addition of a non-potential term
breaks topology. Following Newcomb, we define the breaking of mag-
netic field-line connections by the existence of a non-zero V‘ or E. As
one would expect, the mass flow velocity of the plasma ~vð~x; tÞ has
no direct effect on the preservation or destruction of magnetic
connections—magnetic field line topology preservation is a magnetic
and not directly a plasma issue.

The proof that sufficient freedom exists to choose the field lines
to be carried by the flow~u? when and only when E ¼ 0 follows from
the Clebsch representation, ~B ¼ ~ra% ~rb. Since ~B ' ~ra ¼ 0 and
~B ' ~rb ¼ 0, the position of a field line in Cartesian coordinates is
~xða;b; ‘Þ; the Clebsch coordinates are the labels of a field line. The
time derivative

@~B
@t
¼ ~r % @a

@t
~rb& @b

@t
~ra

" #
(9)

¼ ~r % ~u? %~B & ~rU& E~r‘
$ %

(10)

but ~u? %~B ¼ ð~u? ' ~rbÞ~ra& ð~u? ' ~raÞ~rb. A field line is carried
by the flow when its labels ða; bÞ are @a=@t þ~u? ' ~ra ¼ 0 and

FIG. 1. (a) A perfectly conducting cylinder of height L and radius a encloses an
ideal pressureless plasma. All of the sides of the cylinder are fixed except the top,
which flows with a specified velocity~v t. Initially,~B ¼ B0 ẑ . Each point~xb on the bot-
tom of the cylinder defines a line of~B that in an ideal evolution intercepts a specific
point on the top~x t with @~x tð~x 0; tÞ=@t ¼~v tð~x t ; tÞ and~x 0 (~x t at t¼ 0. The case
of primary interest is when~v t is divergence free and chaotic. This means the 2% 2
Jacobian matrix @~x t=@~x 0 has a large singular value that increases exponentially in
time and a small singular value that is the inverse of the large singular value.
Reproduced with permission from A. H. Boozer and T. Elder, Phys. Plasmas 28,
062303 (2021). Copyright 2021 AIP Publishing. (b) Huang and Bhattacharjee8 used
an equivalent square-cylindrical model to project images on the top boundary of
square tubes of magnetic field lines on the bottom boundary. As the distortions
become ever larger, an arbitrarily small resistive diffusion g=l0 can intermix field
lines from different tubes and thereby change their connections. This figure is part
of Fig. 5 of their paper. Reproduced with permission from Y.-M. Huang and A.
Bhattacharjee, Phys. Plasmas 29, 122902 (2022). Copyright 2022 AIP Publishing.
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FIG. 1: A magnetic field B⃗(x⃗, t) can be thought of as
consisting of tubes of magnetic flux by placing a grid-
ded surface across the field. Each tube is defined by the
magnetic field lines that pass through the perimeters of
the grid cells. When the field is chaotic, the perime-
ter of each cell becomes exponentially longer when the
grid is replotted after each line on the perimeters is fol-
lowed for a distance ℓ. But, each cell contains exactly the
same field lines and has precisely the same neighboring
cells. When the magnetic field is evolving ideally with a
chaotic velocity u⃗⊥, a similar distortion of the grid oc-
curs when the grid is replotted using the location of each
line on the perimeters after a time t. The figure shows
the distortion of a 5×5 array. This is Figure 1 of Boozer,
Phys. Plasmas 32, 052106 (2025). The distorted grid is
part of Figure 5 of Y.-M. Huang and A. Bhattacharjee,
Phys. Plasmas 29, 122902 (2022), which was based on a
chaotic evolution defined by A. H. Boozer and T. Elder,
Phys. Plasmas 28, 062303 (2021). Boozer and Elder il-
lustrated distortions of ideally evolving flux tubes up to
a factor ∼ 107.

from different tubes, Figure 1. Once magnetic
surfaces are broken, they do not easily heal.
Surface breaking will persist as long as the tur-
bulence does.

III. EFFECT ON ELECTRONS

When the magnetic field chaos is on a large scale
compared to the electron gyroradius, electrons move

rapidly along B⃗. To maintain quasi-neutrality when
there is an electron pressure gradient along a mag-
netic field line, the electric potential must satisfy

B⃗ · ∇⃗Φ = B⃗ · ∇⃗pe. In a chaotic magnetic field, the
variation across the field lines in the electric poten-
tial required for quasi-neutrality gives complicated
E×B plasma flows and a radial transport compara-
ble to an effective diffusion coefficient Def [10]. Let
∆ be the radial correlation distance of the quasi-
neutrality electric potential along the chaotic mag-
netic field lines, then

Def = ∆

∣∣∣∣dTedr
∣∣∣∣ 1

eB
, (9)

=
∆

aT

Te
eB

, (10)
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where |dTe/dr| = Te/aT . However, the magnetic
field due to turbulence may not be sufficiently stiff
to reach this transport level, which would require B̃
be removed by shielding. This shielding constraint
is discussed in Section V and found to be β > ∆/aT ,
Equation (36).
The momentum conserving force balance equa-

tions for electrons and ions are

men
dv⃗e
dt

= −en(E⃗ + v⃗e × B⃗)− ∇⃗pe + F⃗v; (11)

min
dv⃗

dt
= en(E⃗ + v⃗ × B⃗)− ∇⃗pi + F⃗na, (12)

where the mass-flow speed is identified with the ion
velocity. The ions have an intrinsic non-ambipolar
drag force which will be derived below in the ap-
proximation of circular magnetic surfaces.
The electrons will be assumed to be massless.

Since j⃗ = en(v⃗ − v⃗e), the sum of the two force-
balance equations is

min
dv⃗

dt
= j⃗ × B⃗ − ∇⃗p+ F⃗na + F⃗v. (13)

IV. NEAR-CIRCULAR SURFACE
APPROXIMATION

When the magnetic surfaces are nearly circular,
(r, θ, φ) orthogonal coordinates can be used, which
are (r, θ, z) cylindrical coordinates with φ ≡ z/R.
The z coordinate is periodic with a period 2πR. The
minor radius r is assumed to be very small compared
to the major radius R. The flows associated with

equilibrium balance are in the θ̂ ≡ r∇⃗θ direction.
Equilibrium force balance occurs on a fast

timescale compared to rotation changes and re-

quires j⃗ × B⃗ = ∇⃗p(r). The implication is that

en(v−ve)θ̂×Bφφ̂ = (dp/dr)r̂. The ion and electron

flows are in the θ̂ direction and obey

v = ve + vp (14)

vp ≡ dp/dr

enBφ
(15)

|vp| ≈ T

aeBφ
(16)

≈ ρs
a
Cs (17)

where vp is assumed to be a constant in time, Cs =√
T/mi, and ρs = Cs/(eBφ/mi).
The ions intrinsic non-ambipolar drag force is

F⃗na = jr r̂ ×Bφφ̂ (18)

= −jrBφθ̂. (19)

|jr| = en
a

τnap

∣∣∣∣ vvp
∣∣∣∣ (20)

The non-ambipolar particle confinement time τnap =

a2/fnaDgb, where Dgb ≡ (ρs/a)(T/eB) is a typical
transport coefficient, fna is the dimensionless rela-
tive strength of the non-ambipolar transport com-
pared to the total transport, and B = Bφ. Then

F⃗na = −en a

τnap

v

|vp|
Bφθ̂ (21)

= −enfnaDgb

a

v

(ρs/a)Cs
Bφθ̂ (22)

= −fna
minDgb

ρ2s
vθ̂. (23)

The steady-state solution to Equation (13) is

(F⃗na + F⃗v) · θ̂ = 0 with the radial component giving
v = ve + vp,∣∣∣∣fnaminDgb

ρ2s
v

∣∣∣∣ =
∣∣∣∇⃗ × (ν∇⃗ × v⃗e)

∣∣∣ (24)

≈
∣∣∣∣ν ddr(1r drvedr

)∣∣∣∣ (25)

≈ ν
|ve|
a2

(26)∣∣∣ve
v

∣∣∣ ≈
fna

minDgb

ρ2
s

ν/a2
(27)

≈ fna

(
a

ρs

)2
Dgb

Def
(28)

≈ fna

(
a

ρs

)
aT
∆
, (29)

when ν = minDef .

V. SHIELDING CONSTRAINT

Force in the θ̂ direction exerted by magnetic per-
turbation is kθB̃

2/µ0, which must be strong enough

to balance F⃗na · θ̂ to make the ion flow provide the
confinement.

B̃2

µ0
>

∣∣∣∣∣ F⃗na · θ̂
kθ

∣∣∣∣∣ (30)

> fna
minDgb

ρ2s

|vp|
kθ

(31)

> fna
min

ρ2s

(
ρs
a

T

eB

)(ρs
a
Cs

) 1

kθ
(32)

>
fna
kθa

ρs
a
β
B2

µ0
(33)

B̃2

B2
>

βfna
kθa

ρs
a
, or using Eq. (8) (34)( a

ρs

eΦ̃

T

)2

>
fna
βkθa

a

ρs
. (35)
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The expected amplitude of microturbulence is
eΦ̃/T ∼ ρs/a. Equation (29) for the ratio of ve/v im-

plies that shielding of B̃ does not prevent the ion flow
from being stopped by the microturbulence when

β >
∆

aT

1

kθa
. (36)

VI. MAJOR RESULTS

There are two major results: (1) The condition for
the radial electric field to pull in or to push out ions
and impurities. This condition is given by the ratio
of the confining current of electrons to the confin-
ing current of ions |enve|/|env| ≈ fna(a/ρs)(aT /∆),
Equation (29). When the electron flow is large com-

pared to the ion flow, the electrons are providing
the confinement and the radial electric field pulls in
the ions and impurities. The opposite is true when
the electron flow is small. (2) The condition for the

shielding out of the effect B̃ of the microturbulence
on the magnetic field. The shielding occurs when
the plasma β < (∆/aT )/(kθa), Equation (36), which
assumes the electric potential part of the microtur-
bulence has reached the level eΦ̃/T ∼ ρs/a.
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